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SMALL WEIGHTED BERGMAN SPACES 


JOSE ANGEL PELAEZ 


Abstract. This paper is based on the course “Weighted Hardy-Bergman spaces” 
I delivered in the Summer School “Complex and Harmonic Analysis and Re¬ 
lated Topics” at the Mekrijarvi research station of University of Eastern Finland, 
June 2014. The main purpose of this survey is to present recent progress on 
the theory of Bergman spaces induced by radial weights ui satisfying the 
doubling property uj{s) ds < C f i+r w(s) ds. 


1. Introduction 

Let 'H(ro) denote the space of all analytic functions in the unit disc D = {z : 
l^l < 1}. For / G 'H(ro) and 0 < r < 1, set 

/ 1 i>2w \ i/p 

, 0<p<oo, 

Moc{rJ) = sup \ f{z)\. 

\z\=r 

For 0 < p < oo, the Hardy space consists of / G ^^(D) such that ||/||iyp = 
suPq^^.^]^ Mp{r, /) < oo. A nonnegative integrable function uj on the unit disc D is 
called a weight. It is radial ii u{z) = a;(|z|) for all z G ©. For 0 < p < cx) and a 
weight a;, the weighted Bergman space is the space of / G 'H(D) for which 

11/11^.= f \f{z)\^u:{z)dA{z)<oo, 

Jb 

where dA{z) = is the normalized Lebesgue area measure on D. That is, 
hi 'H(ro) where is the corresponding weighted Lebesgue space. As 
usual, we write A^ for the standard weighted Bergman space induced by the 
radial weight (1 — \z\'^)°‘, where —1 < a < oo 1261 ESI [63]. We denote dAa = 
(a -b 1)(1 — \z\‘^)°‘ dA{z) and uj{E) = f^cj(z) dA(z) for short. We recall that the 
Bloch space jB [7] consists of / G 'H(D) such that 

ll/lle = sup \f'{z)\{l - \z\^) + |/(0)| < oo. 

The Carleson square S{I) based on an interval / C T is the set S{I) = {re*^ G 
D : e** G /, 1 — |/| < r < 1}, where \E\ denotes the Lebesgue measure of E C T. 
We associate to each a G D \ {0} the interval la = : | arg(ae“*®)| < and 

denote S{a) = S{Ia). 

The theory of standard Bergman spaces has evolved enormously throughout 
the last decades, although important problems such as a description of zero sets or 
a characterization of invariant subspaces remain open, see [26l |33l [63] for details. 
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With respect to a general weighted Bergman space A^, a fact which affects the 
way of approaching a good nnmber of problems is whether or not u is radial. 
Roughly speaking, we can say that the theory of weighted Bergman spaces 
induced by non-radial weights is at early stages and essential facts are unknown. 
For instance, if a; is a radial weight, one can easily prove that polynomials are 
dense in A^, but this does not remain true for a general weight. For example, the 
weight 


u(z) = = 


exp 


1 + ;^ 


= exp 


1 - 


satishes that polynomials are not dense in A^ m p. 138]. Concerning embed¬ 
dings, the sharp inequality Mp{r,f) < ||/||b (log and known results on 

1 — 

lacunary series [IB], show that S C if and only if oj (r) (log 2 dr < oo, 
whenever a; is a radial weight. These observations lead us to the following open 
questions; 

(1) Which are those weights such that the polynomials are dense in A^7 

(2) Which are those weights such that B C A^7 

Despite these and other obstacles, some progress has been achieved on the theory 
of weighed Bergman spaces A^ induced by non-radial weights jalElElElIlS]. 


As for the Bergman spaces A^ induced by radial weights it is worth noticing 
that some advances have been obtained on Bergman spaces A^, in the case when 
u belongs to certain classes of radial weights, see [26l [33l SB] |B3] and the references 
therein. However, many questions such that the existence of a (strong or weak) 
factorization of A^-functions or the boundedness of the Bergman projection on 
[51], are not understood yet. In this paper, we will be specially concerned to the 
theory of Bergman spaces A^ induced by radial weights u such that u(s) ds < 
C fiVr oj(s) ds. We shall write V for this class of radial weights. A primary 
motivation for this study is the so called “transition phenomena” from the standard 
Bergman spaces A^ to the Hardy space That is, in many respects the Hardy 
space is the limit of A^, as a —)■ — 1, but it is a very rough estimate since most 
of the hner function-theoretic properties of the classical weighted Bergman space 
A^ are not carried over to the Hardy space H^. Plenty of results in [39l [501 l5T] 
show that spaces A^ induced by rapidly increasing weights (Section [2] below for 
a dehnition), lie “closer” to than any Aj(. Here we will present some of them. 
Moreover, many tools used in the theory of the classical Bergman spaces fail to 
work in A^, a; G P, so frequently we have to employ appropriate techniques for 
A^, u E T>, which usually work on standard Bergman spaces and even on Hardy 
spaces. 

The paper is organized as follows; Section [2] contains the dehnition of classes of 
radial weights that are considered in these notes, shows relations between them, 
and contains several descriptions of the class P. In Section [3] we characterize q- 
Carleson measures for A^, uj E T>. This result has been recently proved in [BU] . 
For the range q > p, we offer a different proof from that in [50]. Here we follow 
ideas from m Chapter 2] and in particular we prove the pointwise estimate 

|/Wr<C(a,u,) sup IfmMOdAiZi^CMUlfniz) 

i:zesii) ^ WC jj Js{i) 
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for any / G 'H(D), a > 0, u E V and z E'D. We also show some eqnivalent norms 
on and a description of g-Carleson measnres for in the case q < p. Most of 
these last results are presented without a detailed proof. Section H] contains the 
main result in [IHl Chapter 3]. There, by using a probabilistic method introduced 
by Horowitz [36] , we prove that if ca is a weight (not necessarily radial) such that 

a;(z)xa;(C), zeA(C,r), C e (1.1) 


where A{(,r) denotes a pseudohyperbolic disc, and polynomials are dense in A^, 
then each / G A^ can be represented in the form / = /i ■ / 2 , where /i G A^, 
/2 G and ^ ^ = p; the following norm estimates hold 


II/i 




< -ll/i 

Pi 



+ -II/2 

P2 



< C{pi,P2,Uj)\\f\\ 


P 

Al¬ 


in Section [5] by mimicking the corresponding proofs in [l9l Section 3.2], we 
prove that whenever u eV, the union of two H^-zero sets is not an H^-zero set. 

In Section Owe characterize those analytic symbols on D such that the integral 
operator Tg{f){z) = fiOd'iC) is bounded from A^ into A^, where 0 < p, g < 
oo. Finally, in Section[7]we deal with composition operators C^(/) = / op, where 
/ G 'H(D) and p is an analytic self-map p of D. We recall a recent description [52] 
of bounded and compact composition operators, from A^ into when oj eV and 
V a radial weight. In the case q < p, Theorem 17.II fbelowl gives a characterization 
of bounded (and compact) composition operators that differs from the one in the 
existing literature [62] in the classical case ^ A^ Here we extend this last 

result in order to describe bounded (and compact) composition operators from A^ 
into Al, where cj is a regular weight (see Section [2] below for a dehnition) and v a 
radial weight. As far as we know, this result is new. 


Throughout these notes, the letter C = C(-) will denote an absolute constant 
whose value depends on the parameters indicated in the parenthesis, and may 
change from one occurrence to another. We will use the notation a < 6 if there 
exists a constant C = C{-) > 0 such that a < Cb, and a > 6 is understood in an 
analogous manner. In particular, if a < 6 and a > b, then we will write a^b. 


2. Radial Weights. Preliminary results 


We recall that V is the class of radial weights such that cb{z) = u{s) ds is 
doubling, that is, there exists C = Ciu) > 1 such that a}(r) < Ca}(^) for all 
0 < r < 1. We call a radial weight u regular, denoted by a; G 7^, if cj G R and 
u{r) behaves as its integral average over (r, 1), that is. 


uj{r) 


fr^(s) ds 
1 — r 


0 < r < 1. 


As to concrete examples, we mention that every standard weight as well as those 
given in [H] (4.4)-(4.6)] are regular. It is clear that u E TZ if and only if for each 
s G [0,1) there exists a constant C = C{s,u) > 1 such that 

< u{r) < Cu{t), 0<r<t<r + s(l — r) < 1, (2.1) 


and 


Ir^is) ds 


< 


uj{r), 


0 < r < 1. 


1 — r 


( 2 . 2 ) 
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The definition of regular weights used here is slightly more general than that in 
uni , but the main properties are essentially the same by Lemma 12.11 below and 
Hm Chapter 1], 

A radial continuous weight uj is called rapidly increasing, denoted by w 6 X, if 


u(s) ds 
lim ^ —- 

r-)-i- a;(r)(l — r) 


= oo. 


It follows from |im Lemma 1.1] that X C X. Typical examples of rapidly increasing 
weights are 


Va{r) = (1 - r) log 


a\ —1 


1 — r 

Despite their name, rapidly increasing weights may 
behavior. Indeed, the weight 


u{r) = 


sin log 


1 — r 


Va{r) + 1 , 


1 < a < cxD. 

admit a strong oscillatory 

1 < a < oo. 


belongs to X but it does not satisfy fl2.ll) p. 7]. Due to this fact, occasionally 
we consider the class X of those weights cu G X satisfying fl2.ip . 

A radial continuous weight uj is called rapidly decreasing if lim^^.!- = 0. 

The exponential type weights = (1 — ry exp ^ j , 7 > 0, a, c > 0, are 

rapidly decreasing. It is worth mentioning that the pseudohyperbolic metric is 
not the right one to describe problems on in this case. Roughly speaking, the 
substitute of a pseudohyperbolic disc of center z and radius r < 1 is constructed 

by writing uj = where A(^ > 0, and considering the disc D ( z, , ^ 

\ y 

The weighted Bergman spaces induced by rapidly decreasing weights are 
similar, but not identical, to weighted Fock spaces |11] . See 0 El ESI ESI 113 SSI EB] 
for progress on the theory of these spaces. For further information on any of these 
classes, see m Chapter 1] and the references therein. 


The main aim of this section is to obtain different characterizations and proper¬ 
ties of the classes of weights X and 77. We shall go further and in the next result 
(and only there in these notes) uj is assumed to be a finite positive Borel measure 
on [0,1) and uj{z) = du{t) for all ^ G D. If there exists C = C{uj) > 0 

such that cD(r) < C'cD(b^) for all r G [0,1), we denote u E T>. We write 
d{uj ® m){z) = dO rdu{r)/n for = re*^ G D, and 





X > —1. 


For each 7F > 1, let pn = Pn{^, K) be the sequence defined by uj{pn) = a}(0)iC 
The following characterizations of the class T> will be frequently used from here 
on. 


Lemma 2.1. Letuj he a finite positive Borel measure on [0,1). Then the following 
conditions are equivalent: 

(i) UJ G X,' 
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(ii) There exist C = C{uj) > 1 and /3 = (3{u;) > 0 such that 


dj{r) < C 


1 — r 
1 -1 


uj{t), 0 < r < t < 1; 


(iii) There exist C = C{u) > 0 and 7 = 7 ( 0 ;) > 0 such that 


l-t 
1 — s 


du{s) < Cuj{t), 0 < t < 1; 


(iv) There exist constants Cq = Co{u) > 0 and C = C{uj) > 0 such that 

' 1 ' 


Cij(O) ^ Cqoj 


(2.3) 


and 


fii-* du{s) < Ca}(t), 0 < t < 1 ; 


(2.4) 


(v) There exist constants Cq = Co{u) > 0 and C = C{u) > 0 such that fl2.3p 
holds and 


dj{r) < Cr 0 < r < t < 1; 

(vi) Condition 02.31) and the asymptotic equality 


du{s) X w -^ , X G [1, cx)), 


(2.5) 


( 2 . 6 ) 


are valid; 

(vii) There exists A = A(ci;) > 0 such that 
f d{uj®m){z) 


|1-C^|"+1 (1-ICI)" 


, C e D; 


(viii) Conditions 02 .3p andu*{z) xa}(z)(l — | 2 (|) as \z\ > A, hold. Here and on 
the following 

C s 

u:*{z) = / log —s(ia;(s), 2;G©\{0}; 

J\z\ 1^1 

(ix) Condition 02.31) holds and there exists C = C(u) > 0 such that Un < Cu 2 n 
for all n E M; 

(x) Condition (ESI) holds and there exist C = C{u) > 0 and rj = rjiu) > 0 
such that 


fy\r 

^ C I — j ojy, 0 < X < y < oo] 

\ OC / 


(xi) There exist K = K{pj) > 1 and C = Cipj^K) > 1 such that 1 — pn{oJ, K) > 
C(1 — p„+i(a;, K)) for all n E N U {0}. 

Moreover, if u eT>, there exists C = C{u) > 0 such that 


dt 


> 


C 


'0 ^W(i-^) 


r G 


1 

2 ’^ 
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Before presenting the proof of Lemma 12.11 let us observe that condition fl2.3p 
holds for any weight (absolutely continuous measure) such that a; > 0 on an 
interval contained in [1/2,1), so it is not a real restriction for an admissible weight 
but a consequence of working in the general setting of positive Borel measures. 


Proof of Lemma lKll We will prove (i)<t^(ii), (i)<t^(iii)^(iv)^(v)^(i), (iv)y»(vi), 
(iii)^(vii)^(i)y^(viii), and since (i) and (vi) together imply (ix), hnally (ix)^(vi), 
(ix)y»(x), and (ii)y»(xi). 

Let ojGP. IfO<r<t<l and = 1 — 2“” for all n G N U {0}, then there 
exist k and m such that < r < Vk+i and <t < r^+i- Therefore 


u{r) < cD(rfc) < Cu){rk+i) < ■ ■ ■ < *'+^a}(r^+i) < C 




u{t) 




log 2 C 


cD(f), 0 < r < f < 1, 


and hence (ii) is satished. Since the choice t = ^ in (ii) gives cD(r) < C2^cD(h^) 
for all r G [0,1), we have shown that a; G 'D if and only if (ii) is satished. 

Let uj E V. If0<t<l and = 1 — 2“"' for all n G N U {0}, then there exists 
m such that <t < r^+i- Therefore 



PP / /^ \ m—n+1 oo / /O \ 

n=0 k / j=i V / 
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and we deduce (iii) for 7 = 7 ( 0 ;) > Conversely, if (iii) is satisfied and 

0 < r < f < 1 , then 


Cu:{t) > 



l-t 
1 — s 


du{s) = (1 — ty 



0 \^o 




= (1 — t )’^7 / — duj{s) dx + {1 — ty / duj{s) 


= (1 — t )'^7 / (1 — t) ^ — dj{t)) dx + {1 — ty I du{s) 


> (1 — t )'^7 / (1 — x) {u){x)—u}{t))dx + {l — ty duj{s) 

Jo Jo 

nr nt 

> (1 — t)'^ 7 a}(r) / {1 — x)~'^~^ dx — {1 — tyutyy / {1 — x)~'^~^ dx 

Jo Jo 

+ (1 - ty f du{s) 

Jo 


1 — 


> 


1 — r ^ 


1 — r 


uj{r) — (1 — ty(jj{r) — ui{t) + (1 — tyuj(t) + (1 — ty / duj{s) 

Jo 

uj{r) — u{t) + (1 — t)'’'(a)( 0 ) — a)(r)) 
a)(r) — a)(t), 0 < r < t < 1 . 


Therefore (ii), and thus also (i), is valid. 

The proof of [l9l Lemma 1.3] shows that (iii) implies (iv). We include a proof 
for the sake of completeness. Condition fl2.3p follows trivially from (i). A simple 
calculation shows that for all s G ( 0 , 1 ) and x > 1 , 

x—1 / _ \ 7 / \ 7 


s^-yi-sy < 


X — 1 


X 


7 


Therefore (iii), with t = 1 — yields 

rl-l 

/ s^u{s) ds < 


7X 


X — 1 + 7 


7 /•!-: 


< 


7 


X — 1 + 7 



a;(s) 


X —1 + 7 / Jq x'^{i — sy 


s ds 


< 


a;(s) ds, x > 1 , 


'i-J- 


which gives fl2.4|) . On the other hand, if (iv) is satished and 0 < r < f < 1, then 


Cuj{t) > / s^-^u{s)ds = 


Xi-‘ 

l-t 


du{s) dx = 


xi-‘ 

1 -1 


(a)(x) — oj(t)) dx 


> 


xi-‘ 

l-t 

t 

Xi-‘ 

l-t 


a}(x) dx — a)(t) 


a)(x) dx — oj(t) 


> u)(r) 


xi-‘ 

l-t 


dx — oj(t) 


xi-‘ 

l-t 

t 

Xi-‘ 

l-t 

L t 

' X1-* 

l-t 


dx 


dx 


dx = oj{r)r i-‘ — a)(t)t i-‘, 
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and thus 

ri^a}(r) < w(t), 0 < r < t < 1, 

which is fl2.5p . Now, by choosing t = fl2.5p implies 

u{r) < A~^r^u{r) < A~^{C + l)a} ^ ^ 

2 _ _ 

where A = min^gM >0. Now, by combining fl2.3|) and fl2.7p we deduce 


u(s) < 0(0) < CiO - < a) - < w 


l + s\ 1 

which together with fl2.7p gives a; G P. 

By integrating only from 0 to 1 — - on the left of 02.61) . we see that (vi)^(iv). 
Conversely, (iv) implies 

a) (^1 — —^ < cD(0) < CicD < ACi [ s‘^du(s) < ACi [ s'^du(s) 


X 




< dCi 


du(s) + du(s) <cD l-, l<x<2. 


ii-± 


X 


which gives 02.6p for 1 < a: < 2. Moreover, (iv) implies 


a) I 1- 

X 




du(s) < / du(s) = 


'i-i 


duj(s) + J duj(s) 


<0)1-+w l 


X 


X 


X 


call-, 2<x<oo, 


and thus (vi) is satished. 

Now, let us see (hi) implies (vii). If |(C| < i, (vii) is equivalent to 

a}(0) < d(a; 0 m)(D) = f sduj{s) <Q{l/2), (2.8) 

Jo 

which clearly follows from (i). Moreover, 


d(u 0 m)(z) 
|1 -C^l^+i 


C sdt,{s) ^ f' 

h (i-icif)" \l 4-1 

0(0 sdu}{s) 


s du(s) 

(1-ICk)^ 
ICI > i 


SO by using (iii) 

^(C) . ^(C) Sdujjs) 

(i-ICI)^-(i-ICI)^ io (1-ICk)^ 

^ ^(C) du(s) ^ u(C) II 1 

“(i-ICI)^ io (i-5)^~(i-KI)^’ '^'-2’ 

and hence (iii) (vii). Assuming (vii), in particular we have 02.8p . which implies 

oj(x) < a}(0) X 0(1/2) < 2 / s 

a 1/2 


< 2 


^ n/. u c\ 
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So 


a}(x) X / s du{s) = Ui{x), 0 < x < 1. 

J X 

Moreover, for 0 < r < t G [|, 1), (vii) yields 


(2.9) 


u}{t) 


> 


sdu{s) 


a-tV^Jo a-ts)^ 

/•* At 



At 


0 (l-tx)^+i 


dx + 1] sdu{s) 




At 




dx+ sdu{s) 


> ujl{r)- 


At 


dx — ,, + a;i(0) 


'o (1 — tx)'^+^ (1 — 

1 aT(t) 


(1 — tr)^ (1 — t)^ ’ 

and thus bearing in mind fl2.9p 


~ Ti—0 < r < t e 


(1-t)^ 


d1 • 


By choosing t = we deduce uj eV. 

The inequalities 1 — t < — logt < (1 — t)/t show that u*{r) x f^^(s — r) du{s) 
for r > i, and hence a;*(r) < cD(r)(l — r) for all r > ^ and any u. Moreover, if 
oj ET>, then 

and thus (i)^(viii). Conversely, assume that there exists C = C{u:) > 0 such that 

_ 1 
cD(r)(l —r)<C / {s — r)du{s), - < r < 1, 

Jr ^ 

and let where p > 0. Then 

a}(r)(l — r) < C f {s — r)du{s) + C f {s — r)du{s) 

Jr J rp 

< Cuj{r) [fp - r) + C(1 - r)ui{rp), 


and hence 




If C < 2 we may take p = 1 and deduce u E T>. For otherwise, £x p > 0 
sufficiently small and use the argument employed in the proof of (i)=^(ii) together 
with 1 — Tp = (1 — r)/(l + p) X 1 — r to obtain 


0{r) < 0 


1 + r 


< r < 1. 


This together with gives u eV. Thus (viii)^(i). 
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It is clear that (i) and (vi) together imply (ix). Conversely, assume (ix) is 
satished. Let A = sup„ (l — and £x k large enough such that < 1. 

Then 




and hence 


^ Cu2n ^ C^U2kn — 


< C^A^ Un + C^U 1- 


CJn ^ 


n+1 


+ 


” duj{r) 


' 1 - 


n+1 ^ 


n+1 


n eN, 




1 - ^^2" 
So, if n < a; < n + 1, we deduce 

[ S^^du^s) <Un<u) (l- 


■UJ ( 1 


n+1 


n + 1 


< cD I 1- 

X 


and (vi) follows. 

Assume now (ix) and let 1 < a; < y < cxd. Then there exist n, m G N U {0} such 
that n < a; < n + 1 and 2”^n < y < Then (ix) gives 




<UJn< C^^^U2^+ln < 




< 


2y n + lV°®'^ 




Uy, 


+ 1 n / " \x^ 

and (x) follows. The choice y = 2n = 2x gives (x)^(ix). 

Assume there exist K = K{u) > 1 and C = C{oj) > 1 such that 1 — Pn > 
C(1 — Pn+i) for all n G N U {0}. Let 0 < r < t < 1 and £x n, A; G N U {0} such 
that Pn < L < pn+i and Pk <t < Pk+i- Then 

1 - r > 1 - Pn+l > C{1 - Pn+2) > • • • > ^"^-"-'(1 - Pk) 




logic G 


> c 


-2 


and hence 


uj{r) < 


1 — r \ '°sif c" 


1 -t 


cD(t), 0 < r < t < 1, 


and thus (ii) is satished. Conversely, by choosing t = pn+i and r = p„ in (ii), we 
deduce 1 — pn+i < (1 “ Pn)) and (xi) follows by choosing K > C. 

Moreover, if ca G there exists C = C{uj) > 0 such that 


dt 


> 


dt 


> 


1 


log 2 > 


log 2 
Cu{r) ’ 


r G 


T 

2-' 


□ 


Jo u{2r-l) 

The proof of the lemma is now complete. 

Let 1 < po,Po < cxD such that ^ + ^ = 1, and let p > —1. A weight ca : D —)■ 
(0, cx)) satishes the Bekolle-Bonami Bp^irj)-condition, denoted by a; G Bp^ij}), if 
there exists a constant C = C{po,p,u) > 0 such that 


I Uj{z){l - \z\f dA{z) 

S{I) 

< (C| 


+(/) 


PQ 

uj{z)'^{l-\z\fdA{z)^''' 


( 2 . 10 ) 
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for every interval / C T. Bekolle and Bonami introduced these weights in mm, 
and showed that G Bpf^{rj) if and only if the Bergman projection 

P,mr.) = (.) + 1) / 7 —- \e)”dA(,0 
Jn (1 - ^zy+^ 

is bounded from to Ap° [12]. 

The next lemma shows that a radial weight u that satisfies fl2.ll) is regular if and 
only if it is a Bekolle-Bonami weight. Moreover, Part (iii) quantifies in a certain 
sense the self-improving integrability of radial weights. 


Lemma 2.2. (i) Ifu G TZ, then for eachpo > 1 there exists rj = ri{po,u) > —1 

such that belongs to Bp^p). 

(ii) If u is a radial weight such that fl2.ip is satisfied and belongs to 

Bpfip) for some Po > 0 and p > —1, then 00 eTZ. 

(iii) For each radial weight u and 0 < a < 1, define 


u{r) 


u{s)ds] tj(r), 


0 < r < 1. 


Then 00 is also a weight and 


fr An) 

(1—r)a;(r) 


1 fr As) 

1—a (l—r)Lj(r) 


for all 0 < r < 1. 


Proof, (i) Since each regular weight is radial, it suffices to show that there exists 
a constant C = C{p,p,u) > 0 such that 




uj{t) dt 




uj{t) 


za 
PO (1 


PO 


tf^^dt] <C\I\ 


(1+»7)P0 


( 2 . 11 ) 


for every interval J C T. To prove fl2.11l) . set sq = 1 — |/| and s^+i = Sn + s(l —Sn), 
where s G (0,1) is fixed. Take po and p such that p > > 0, where the 

constant C = (^(s, a;) > 1 is from fl2.ll) . Then fl2.ip yields 


Uj{t)^ {I - dt <^{l - / Uj{t)^dt 




n=0 


/ 00 

Po 


-Pq 

PO 


n=0 

< |J|^o'^+^n;(l - |/|)^ 

00 , 

. ^(1 - 
n=0 

= C(po,h,s,a;)|/roP+ic^(l-|/|)^, 


which together with fl2.2p gives fl2.1ip . 

(ii) The asymptotic inequality ~ (1 “ follows by fl2.1ip and further 

appropriately modifying the argument in the proof of (i). Since the assumption 
fl2.ip gives > (1 — r), we deduce oj ElZ. 
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(iii) If 0 < r < t < 1, then an integration by parts yields 



from which the assertion follows by letting f —)■ 1 . □ 

3. Carleson measures 

For a given Banach space (or a complete metric space) X of analytic functions 
on D, a positive Borel measure p on D is called a q-Carleson measure for X if the 
identity operator : X —)■ -h'?(/i) is bounded. We shall obtain a description of 
g-Carleson measures for the weighted Bergman space oo & V. We shall offer 
a detailed proof for the case q > p which differs from that in [50] and follows the 
lines of [IH] Chapter 2]. 

3.1. Test functions and the weighted maximal fnnction. The next result 
follows from Lemma 12.li vid and its proof. 

Lemma 3.1. Let 0 < p < oo and oj E V. Then there is Ao(c(;) such that for any 

A > Aq and each a G D the function Fa^p{z) = (^ analytic in D and 
satisfies 

\Fa,p{z)\ 1, z E S{a), a G D, (3.1) 

and 

||-^a,p||(^P - (*S'(a)), a G ©. (3.2) 

It is known that g-Carleson measures for u E TZ can be characterized either 
in terms of Carleson squares or pseudohyperbolic discs [21]. However, this is no 
longer true when uj eT>. So, we shall use tools from harmonic analysis. 

Let us consider the maximal function 

M^{p){z)= sup ^ [ |(p(0|w(0c?Al(0, ^eD, 

I:z€SiI) ^ WC jj 

introduced by Hormander [51]. Here we must require p E and that (p(re®®) is 
27r-periodic with respect to 9 for all r G (0,1). The function plays a role on 

similar to that of the Hardy-Littlewood maximal function on the Hardy space 
HP. 

Now, we are going to get a pointwise control of |/| in terms of M^{\f\). 

Lemma 3.2. Let 0 < s < oo and oj E T). Then there exists a constant C = 
C{s,u) > 0 such that 

\f{z)f <CMM-'){z). zeB, (3.3) 

for all f eH{B). 
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Proof. Let co E T> and let C = C{u) > 1 and (3 = (3{uj) > 0 be those of 
Lemma l 2 . 1 f iiL Write s = 07 , where 7 > (3 + 1 + log 2 C > 1. It snffices to 
prove the assertion for the points re*^ G © with r>|. Ifr<p<l, then nsing 
that I/I" is snbharmonic and Holder’s ineqnality 


that is 


|/(re*^)r < 


1 



1 _ ( 1)2 
1 - 

p ' 


\fipe 




^dt 





r'|2 


7-1 


p ' 


-|/(pe 


i{t+9) 






where 


P^{r, t) 


1 (1 

27r If — ’ 


0 < r < 1 . 


Set tn = 2"'“^(1 — r) and = [—tn, ^n] for n = 0,1,..., + 1, where is the 

largest natural number such that Further, set Gq = Jq, Gn = Jn \ Jn-i 

for n = 1,..., A^, and Gn+i = [—t, tt] \ J^v. Then 



and therefore 


\f{rP^)Wl-r) j u{p)pdp<2 f \f{rP^)f{p 
J {\-\-r)/2 J r 

-N +1 „ 

/ |/pe‘<‘+”))|‘£i(u,(p)p^£ip. 

„_n 31' d Gn 


r)u{p)pdp 













14 


JOSE ANGEL PELAEZ 


It follows that 


N 


n=0 


-n(7-l) Ir I-tJf 

jXlil+r)/2^ip)pdp(^^ 


^ ^-Nh-i) Ir I-n \f jpe^^)]' dtu{p)pdp 
I-^lll+r)/2^(P)P^Pdt 

^ ^ .-.(-,-1) /i-w, I-l\f dtu{p)pdp 


n=0 


I-tJ{l+r)/2^ip)pdpdt 


^ ^-Nh-1) lo I-n 1/ dtUj{p)pdp 

I-^lll+r)/2^(P)pdpdt 

where the last step is a consequence of the inequalities 0 < 1 — tn+i < r. Denoting 
the interval centered at e*® and of the same length as J„ by Jn{P), and applying 
Lemma [2.1f iii. to the denominators, we obtain 


N 






n=0 


+ C'^2 


coisiue))) 
'Nr,-N(j-i-i3) In l/(^)l dA{z) 


u 


< 


^2-(7-i-/3-iog,G) M^(|/n(re*^) < M4|/r)(re*^), 


vn=0 


where in the last inequality we have used the election of 7. This hnishes the 
proof. □ 


3.2. Carleson measures. Case 0 < p < q < 00 . Next, we prove our main result 
in this section, by combining a weak (1,1) inequality for the maximal function with 
the pointwise estimate fl3.3p . 


Theorem 3.3. Let 0 < p < q < 00 , u eT> and let p be a positive Borel measure 
on ©. Then p is a q-Carleson measure for if and only if 


p{S{I)) 

sup-5- < 00. 

/CT {u{S{I)))p 


(3.4) 


Moreover, if p is a q-Carleson measure for A^, then the identity operator 1^ : 
Al^ —)■ T^(/i) satisfies 


Id 


g 

(a£,L9(/^)) 


piSil)) 

sup- 

/CT {U{S{I))) 


1 * 

P 


Proof. Let 0 < p < g < 00 and a; G P, and assume hrst that p is a g-Carleson 
measure for A^. Consider the test functions dehned in Lemma [3.11 Then the 
assumption together with relations fl3.ip and fl3.2p yield 


p{S{a)) 


< 


'S(a) 


\Fa,p{z)\Up{z) < / \F,,p{z)\Up{z)<\\F, 


a,p 


I'J 


< 


u;{S{a))-^ 


for all a G ©, and thus p satishes 03.41) . 
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Conversely, let /r be a positive Borel measure on D such that fl3.4p is satished. 
We begin with proving that there exists a constant K = K{p,q,u;) > 0 such that 
the L^weak type inequality 

/i (Es) <-ft's“p||(p||£i, Es = {z eB : M^{lp){z) > s} , (3.5) 

is valid for all p E and 0 < s < cx). 

If Eg = 0, then fl3.5p is clearly satished. If Eg 7^ 0, then recall that Iz = {e*® : 
I arg(ze“®®)| < (1 — |2:|)/2} and S{z) = S{Iz), and dehne for each £ > 0 the sets 


AI = Ue 


's{h) 


lv?(0l^(0 dA{^) > s{e + u{S{z))) 


and 

= {z eB : Iz <Z lu for some u E A^} . 
The sets expand as £ ^ O’*", and 

Eg = {zEB: M^{p){z) > s} = U 

£>0 


SO 

p{Eg) = \iv[iji{Bl). (3.6) 

£->■ 0 + 

We notice that for each £ > 0 and s > 0 there are hnitely many points Zn E A^ 
such that the arcs are disjoint. Namely, if there were inhnitely many points 
Zn E with this property, then the dehnition of A^ would yield 


sYjf + <Y. j ( 3 . 7 ) 

n n 


and therefore 

00 = < \Mli, 

n 

which is impossible because p E L]^. 

We now use Covering lemma [23 p. 161] to hud zi,... ,Zm € A^ such that the 
arcs Iz„ are disjoint and 

m 

AlG[j{z-.Iz^ Jzn] , 

n=l 

where Jz is the arc centered at the same point as Iz and of length 5|J^|. It follows 
easily that 

m 

IJU:/. C J.„}. (3.8) 

n=l 

But now the assumption fl3.4p and the hypothesis u eT> give 

/i {{z : Iz C Jzj) = /i ({^ : ^(2:) C ^(J^J}) < /i {S{JzJ) 

^ < {uj{S{zn)))K n = l,...,m. 

This combined with fl3.8p and fl3.7p yields 

m / m 

n=l \n=l 

which together with 03.61) gives 03.51) for some K = K{p,q,oj). 
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We will now use Lemma 13.21 and fl3.5p to show that /i is a g-Carleson measure 
for Af^. To do this, £x a > - and let / G For s > 0, let |/|“ = 'i/’i g + Xi 
where 

I 0, otherwise 

and K is the constant in 03.51) . chosen such that K > 1. Since p > -, the function 
-01 ^ belongs to for all s > 0. Moreover, 


MM\-) < + 


2 iF’ 


and therefore 


e D : M^(|/|-)(2;) > s| C |z G D : J(2:) > s/2^ . (3.9) 

Using Lemma [3.21 the inclusion 03.9p . 03.5p and Minkowski’s inequality in contin¬ 
uous form (Fubini in the case q = p), we hnally deduce 


\f{z)\'^dp{z) < / (M^(|/|-)(^)) dp{z) 

Jn ^ ^ 

= qa J ^ ® > s|j ds 

< qa f ^ ® : M^{'ilji^g){z) > 5/2!^ ds 


< 

r\j 


s'?" ^ p\\'il>i 


II ^ ds 

sllLi 


a ’ -'-'cj 


qcx — 1 — ^ 
S P 


'{2:|/b)l“>w} 


\f{z)\°‘u{z)dA{z) ds 


< 


\f{z)\<^uj{z) 


.2K\fiz)\^ 


ds dA{z) 


< 

r\j 


\f{z)\Mz)dA{z) 


Therefore /i is a g-Carleson measure for A^, and the proof of Theorem I3.3f ii is 
complete. □ 


The next useful result follows from the proof of Theorem 13.31 


Theorem 3.4. Let 0 < p < q < 00 and 0 < a < cxo such that pa > 1. Let u ^ V, 
and let p be a positive Borel measure on D. Then [ikU;((-)a)]" : L^ —)■ L'?(/i) is 
hounded if and only if p satisfies 03.41) . Moreover, 




<? 


p{SiI)) 

sup- 

/CT {U{S{I))) 


1 * 

P 


Before presenting a description of g-Carleson measures for A^, where uj ^ T> 
and q < p, we shall obtain several equivalent ^d^-norms which are useful to study 
this problem and some other questions throughout the manuscript. 
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3.3. Equivalent norms on ^4^. A description of in terms of the maximal 
function follows from Lemma 13.21 and Theorem 13.41 

Corollary 3.5. Let 0 < p < oo and 0 < a < oo such that pa > 1. Let u ^ V. 
Then, 



It is well-known that a choice of an appropriate norm is often a key step when 
solving a problem on a space of analytic functions. For instance, in the study of 
the integration operator 



one wants to get rid of the integral symbol, so one looks for norms in terms of 
the hrst derivative. The hrst known result in this area was proved by Hardy and 
Littlewood for the standard weights [63] . 

Theorem A. If 0 < p < oo and a > —1, then 


[\fizwa 

Jb 


zirdA(z)x|/(o)r+ f 

Jo 


dA{z) 


for all f en{B). 

Later, this Littlewood-Paley type formula was extended to the following class 
of weights [H], which includes any differentiable decreasing weight and all the 
standard ones. See also [S1E31EI] for previous and further results. The distortion 
function of a radial weight u is 



0 < r < 1. 


It was introduced by Siskakis [6T] . 

Theorem 3.6. Let 0 < p < oo and let u be a differentiable radial weight. If 



then 



See also [3] for a Littlewood-Paley type formula for || • ||^p-norm, where a; is a 
Bekolle-Bonami weight. However, an analogue of Theorem 13.61 does not exist if 
oj eT> and p 7^ 2. 

Proposition 3.7. Let p 7^ 2. Then there exists 00 ^ T> such that, for any function 
ip : [0,1) —)• (0, 00), the relation 



can not be valid for all f G 'H(ro). 


(3.10) 
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Proof. Let first p > 2 and consider the weight Va{r) = (1 — r)“^ (log where 

a > 1 is hxed snch that 2 < 2{a — l) < p. Assnme on the contrary to the assertion 
that fl3.10p is satished for all / G ^^(D). Applying this relation to the fnnction 
hn{z) = we obtain 


/ r^^Va{r) dr zz. rP / r^"" ^^^ip{rYva{r) dr, n G N. 

Jo Jo 

Consider now the lacnnary series h{z) = YJT=o^'^^ ■ 


Mp{r, h) X log 


1 — r 


1/2 


, Mp{r,h') 


1 — r ’ 


0 < r < 1. 


(3,11) 


(3.12) 


By combining the relations fl3.11p , fl3.12p and 

p OO 




-^Pn-l)p 


n=l 


1 — rP 
we obtain 

[ \h'{z)\P(p{zYvaiz) dA{z) 


, log 


I — rP 


y~^ n 0 < r < 1, 


n=l 


1 — rP 


(p{rYva{r) dr 


(pYYvaY) dr 


OO „1 

y~^ / r^^~^^^(p{rYva{r) dr 

n=i 

OO „1 

1: (s’-'j 


r"'^Va(r) dr 

Va{r) dr 


log 


■ VaY) dr, 


1-rP 

where the last integral is convergent becanse a > 2. However, 




log 


1 — r 


p/2 


Va(r) dr = OO, 


since p > 2{a — 1), and therefore fld.lOp fails for h G 'H(ro). This is the desired 
contradiction. 

If 0 < p < 2, we again consider where a is chosen snch that p < 2{a — l) < 2, 
and nse an analogous reasoning to that above to prove the assertion. Details are 
omitted. □ 

Because of the above result we look for other equivalent norms to || ■ ||^p in 
terms (or involving) the derivative. In fact, applying the Hardy-Stein-Spencer 
identity 


1,. = ^ I \nz)rvu)?iog-fdA{z)+ ^0)1”, 
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to the dilated functions fr{z) = f{rz), 0 < r < 1, and integrating with respect to 
rci;(r) dr we obtain such equivalent norm. 

Theorem 3.8. Let 0 < p < oo, n G N and f G 'H(ID)), and let u be a radial weight. 
Then 

ii/r^. =p" [ \f{z)rv'{z)\^u*{z)dA{z)+ummr. ( 3 . 13 ) 

Jo 

where ^ 

= / tu(s) logs ds, ; 2 GD\{ 0 }. 

J\z\ \^\ 

In particular, 

ll/ll^£=4||/1|^.^+cn(D)|/(0)p. (3.14) 

Fefferman and Stein 123 obtained the following extension of the classical Littlewood- 
Paley formula for 

wfrn.^ ! ([ \fiz)\^dAiz)y^\e+\m\^, 

Jt Vdr(e*«) / 

where 

r(e*^) = 1^; G D : \9 — a.Tgz\ < ^ (1 — |^|)| , n = e*® G T. 

/ \ 1/2 

Usually the function e*® i—)■ (/r(eie) \f'{^)\‘^dA{z)] is called the square (Lusin) 
area function. 

In order to get an extension of this result to weighted Bergman spaces, we need 
to dehne tangential lens type regions 

r(w) = e © : \9 — aigzl < ^ I 5 ^ G D \ {0}, 

induced by points in D, and the tents 

T{z) = {u G © : z G r(M)} , z G ©, 

which are closely interrelated. By the same method used in the proof of Theo¬ 
rem [XHl we get the following result. 

Theorem 3.9. Let 0 < p < oo and f G 'H(©), and let uj be a radial weight. Then 

p 

ii/iiy “ / (/ \m\-‘dA{z)yu{u)dA(u} + \no)r, ( 3 . 15 ) 

Jo \Jr(u) ) 

where the constants of comparison depend only on p and uj. 

It is worth mentioning that uj* is smoother than uj. In fact, 

uj{T{z))-uj*{z), \z\>]^. 

So, bearing in mind Lemma 12.11 

uj*{z) UJ {T{z)) UJ {S{z)), 2 ; G D, ugV. (3.16) 

Before ending this section, for a function / dehned in D, we consider the non- 
tangential maximal function of / in the (punctured) unit disc by 

N{f){u)= sup \f{z)\, mG©\{0}. 
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Lemma 3.10. Let 0 < p < oo and let oj be a radial weight. Then there exists a 
constant C > 0 such that 

ii/rA£<iiw)iii,<qi/r^. 

for all f 

A proof can be obtained by dilating and integrating the well-known ineqnality 
m Theorem 3.1 on p. 57] 

\\fiUT)<c\\frH. 

respect to u. Here, and on the seqnel /*(C) = snp^gp(^) |/(^)| G T. 

3.4. Carleson measures. Case 0 < g < p < oo. For several classes of weights, 
g-Carleson measnres for [m Ha He] have been described, in the triangnlar 
case p > g, by nsing an atomic decomposition theorem in the sense of standard 
Bergman spaces [5^ Theorem 2.2]. However, this approach does not seem to be 
adeqnate for the class V. A snfficient condition can be easily obtained. 


Proposition 3.11. Let 0 < g < p < oo, u a radial weight and p be a positive 
Borel measure on D. If 


B,{z) = 


dp{C) 


■, 2 ; e D \ { 0 }, 


lri.)U:{T{0y 

P 

belongs to LZ~’^, then p is a q-Carleson measure for A^. 


Proof. Fnbini’s theorem. Holder’s ineqnality and Lemma 13.101 yield 


\f{z)ydp{z) 


( f \f{z)ydp{z) \ 


c^(C) dA{C) 


< JjmfmrBAcMOdAic) 


for all / e HP. □ 

It tnrns ont that the reverse of the above resnlt is true [SHI Theorem 1] for a; G H. 
However, its proof its much more involved. As in the case q > p, methods from 
harmonic analysis are the appropriate ones. To some extent this is natural because 
the weighted Bergman space A^ induced by co G P may lie essentially much closer 
to the Hardy space than any standard Bergman space A^ [IH]- Luecking [TT] 
employed the theory of tent spaces, introduced by Coifman, Meyer and Stein [TS] 
and further considered by Cohn and Verbitsky mi, to study the analogue problem 
for Hardy spaces. In [50j, an analogue of this theory for Bergman spaces is built 
and it is a key ingredient in the proof of the following result. 


Theorem 3.12. Let 0 < g < p < 00 , oj E T> and p be a positive Borel measure 
on D. Then the following conditions are equivalent: 

(i) p is a q-Carleson measure for A^; 

(ii) The function 


B,{z) 


f dp{C) 
/r(.)^(T(0)’ 


z G D\{0}, 
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belongs to ; 

(iii) MMiz) = sup^g5(„) ^Sis(aW ^ 

4. Factorization of functions in Af, 

(jJ 

Factorization theorems in spaces of analytic functions are related with plenty of 
issues such as zero sets, dual spaces, Hankel operators or integral operators. We 
remind the reader of the following well-known factorization of if^-functions [25] . 

Theorem B. /// ^ 0, / G H^, then f = B ■ g where B is the Blaschke product of 
zeros of f and g does not vanish on D. Moreover, ||/||j;^p = In particular, 

f ^ 0, f G can be written as f = fi ■ fo where fo does not vanish on 

Moreover, ||/||^i = \\fj\\jj 2 , j = 1,2. 

Because of the following result. Theorem iBl does not remain true for standard 
Bergman spaces [35]. 

Theorem C. Let 0 < p < q < oo. Then there exists an A^ zero set which is 
not an A^ zero set. In particular, it is not possible to represent an arbitrary A^ 
function as the product of two functions in A^, one of them nonvanishing. 

Some years later, a weak factorization result was obtained in the context of 
Hardy spaces in several variables [T9|. 

Theorem D. /// G A^ function, then 

OO 

f = E 

i=i 

and ET=i\\FMA4Gj\\A^<C\\f\\A^. 

Essentially at the same time, Horowitz [36] improved this result, obtaining a 
strong factorization of H[^-functions. 

Theorem E. Assume that 0 < p < oo, a > —1 and p~^ = pf^ + pf^. If f & A^, 
then there exist fi G A^^ and f 2 G A^^ such that f = fi ■ f 2 and 

for some constant C = C{pi,p 2 , a) > 0. 

Motivated by the study of integral operators, we are interested in Ending out a 
large class of weights u which allow a (strong) factorization of H^-functions. 

Throughout these notes, we shall use the following notation. For a G ©, define 
(Pa{z) = {a — z)/{l — az). The pseudohyperbolic distance from 2 ; to tc is defined 
by g(z,w) = \ipz{.'U})\, and the pseudohyperbolic disc of center a G D and radius 
r G (0,1) is denoted by A(a, r) = {z : g{a, z) < r}. 

A careful inspection of Horowitz’s techniques lead us to consider the following 
class of weights. A weight u (not necessarily radial neither continuous) is called 
invariant, u G Xnv, if for each r G (0,1) there exists a constant C = C'(r) > 1 
such that 

C~^u{a) < u{z) < Cu{a), z ^ A{a,r). (4.1) 

We note that a radial weight u belongs to Xnv if and only if uj does not have zeros 
and u satisfies the property fl2.ll) . Therefore, IZUX C Xnv. Moreover, by using 
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results in [3] it is not difficult to prove that a differentiable weight uj is invariant 
whenever 

|Va;( 2 ;)|(l — < Cuj{z), 2 ; G ©. 

The following result is based on the additivity of the hyperbolic distance on 
geodesics. 

Lemma 4.1. //ca G Xnv, then there exists a function C : D ^ [1, 00 ) such that 

u{u) < C{z)u}{^pu{z))^ M, z G ©, (4.2) 

and 

f \ogC{z) dA{z) < 00 . (4.3) 

Jo 

Conversely, if u) is a weight does not have zeros, satisfying fl4.2p and the function 
C is uniformly hounded in compact subsets of 3, then oj G Xnv. 


Proof. Let first u G Xnv. Then there exists a constant C > 1 such that 

C~^uj(a) < uj{z) < Cuj{a), z G A/i(a, 1). (4.4) 

For each z, u G ©, the hyperbolic distance between u and (fuiz) is 

gh{u, (Pu{z)) = ^ log I ^ j^j . 

By the additivity of the hyperbolic distance on the geodesic joining u and ^u{z), 
and 04.41) we deduce 

l£gC 

u{u) < 

where E{x) is the integer such that E{x) < x < E{x) + 1. It follows that 04.2p 
and 04. 3 p are satisfied. 

Conversely, let a; be a weight satisfying 04. 2 p such that the function C is uni¬ 
formly bounded in compact subsets of D. Then, for each r G (0,1), there exists a 
constant C = C{r) > 0 such that u{u) < C{r)u{z) whenever \Lpu{,z)\ < r. Thus 
u G Xnv. □ 


The next result plays an important role in the proof of our factorization theorem. 
The proof is technical, see [IHl Lemma 3.3]. 


Lemma 4.2. Let 0 < p < q < 00 and oj G Xnv. Let {zk} be the zero set of 
f G A^, and let 


9{z) 


i/(.-)rn 

k 



Q 


Then there exists a constant C = C{p,q,oj) > 0 such that 


\\9\\Ll<C\\fr^.. ( 4 . 5 ) 

Moreover, the constant C has the following properties: 

(i) If 0 < p < q < 2, then C = C{oj), that is, C is independent of p and q. 

(ii) If 2 < q < 00 and | > 1 -|- e > 1, then C = Ciqe^^'^, where Ci = Ci{e,oj). 


Now, we prove our main result in this section. 
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Theorem 4.3. Let 0 < p < oo and u G Inv such that the polynomials are dense 
in AP. Let f G A^, and let 0 < pi,p 2 < oo such that p~^ = +P 2 ^ ■ Then there 

exist fi G A^ and f 2 G A^ such that f = fi ■ f 2 and 


• 11/2 


1 ^ < 
- 


_p 

Pi 


< cii/r,j 


P2 


(4.6) 


for some constant C = C{pi,p 2 .,uj) > 0- 

Proof. Let 0 < p < 00 and ui G Xnv such that the polynomials are dense in 
and let / G Assume hrst that / has hnitely many zeros only. Such functions 
are of the form / = gB, where g G A^ has no zeros and i? is a hnite Blaschke 
product. Let Zi, ..., be the zeros of / so that B = nr= _^Bk, where B^ = 

Write B = B^^l ■ B^^\ where the factors B^^l and B^^'> are random subproducts 
of Bo, Bi,..., Bm, where Bq = 1. Setting fj = (^) d we have f = fi ■ f 2 - 
We now choose B^T probabilistically. For a given j G {1,2}, the factor will 
contain each B^ with the probability p/pj. The obtained m random variables are 
independent, so the expected value of \fj{z)f’^ is 




fiz) 


k=l 


B{z 

i/wrn 




k=l 




(4.7) 


for all z G D and j G {1, 2}. Now, bearing in mind fl4.7p and Lemma [4.21 we hnd 
a constant Ci = Ci(p, pi, co) > 0 such that 


i^(/r)iiM ,= 


1 -- 

k=l 


\Pzkiz)\^ 


l/Dl'Il 




k=l 




u{z)dA{z) 


u{z)dA{z) < CiWff^p. 


Analogously, by fl4.7p and Lemmathere exists a constant C 2 = C 2 {p,P 2 ,ai) > 0 
such that 


\E{f, 


■P2'' 


\Ll 


i/Drn 


1 - 




P2 


k=l 


\Pzdz)\P 


u{z)dA{z) < C 2 


p 

Ap 


By combining the two previous inequalities, we obtain 


E i ILm 


Pi 


-fT 


+ 


P. 


E 


P £P2 


P2 


-/I 


< 


Ll 


Ac, + Tc, 

Pi P2 


P 

AS,- 


(4.8) 
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On the other hand, 


P XPl 


E 

\Pi 

- L I 
Pi Ji 


f{z 


+ 

LI 

P En 


E ( 

P2 


u. 


L 

P2 


B{z 

f{z^ p - 


n (k ^ “ ft) I*’'***"’’) 


B(z) 


(4.9) 


n 


k=l 

I{z)uj{z) dA{z), 


— ) + —\Pzk{z)\P^ ) uj{z)dA{z) 
P2 J P2 


where 


I{z) = 


fiz) 


Biz) 


_p 

P2 


P 

Pi 

m 

n 

k=l 


n 


fc=i 


p 

P2 


+ 1 - 


P 

P2 


\pz,iz)r 




It is clear that the m zeros of / must be distributed to the factors fi and /2, so if 
fl has n zeros, then /2 has the remaining (m — n) zeros. Therefore 


nz)= E 


1 - 


_P 

P2 


-i/<.(.-)r + -iA(*-)r 

Pi P2 


(4,10) 


P 

This sum consists of 2'” addends, fi^ contains (^) and n zeros of /, and fi^ 

p 

contains and the remaining (m — n) zeros of /, and thus f = fh ■ //j- 

Further, for a hxed n = 0,1,..., m, there are (™) ways to choose fi-^ (once fi-^ is 
chosen, fi^ is determined). Consequently, 


E 


1 - 


n / \ m—n 

P \ IP 


P2 


P2 


E 

n=0 


1 - 


71/ \ 771 —n 

p \ IP 


P2 


P2 


= 1 . 


(4.11) 


Now, by joining flT8|l . and fld.lOp . we deduce 

/ 


E 

fll-fl2=f 


P_ 

P2 


-ii/i.irA + -iiAir 

Pi 


_p 

P2 


aP2 

-^UJ 


< 




P 

A?,- 


.Pi P2 

This together with 04.111) shows that there must exist a concrete factorization 
f = fl ■ f 2 such that 


-ii/.rA + -ii/iir;.! < c(p„P2,ai)ii/ii',. 

p-^ Ai-uj p2 


(4.12) 


By combining this with the inequality 

< ax + I3y, x, i/ > 0, a + /9 = 1, 

we dually obtain 04.6p under the hypotheses that / has hnitely many zeros only. 
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To deal with the general case, we hrst prove that every norm-bounded family 
in AP is a normal family of analytic functions. If / G A^, then 


A^> \f{z)\^^^{z)dA{z) 

J D{0,i^)\D{0,p) 


(4.13) 


> 




mm oj(Zj 
ir 
2 


.hl<^ 


0 < p < 1, 


from which the well-known relation Moo(r, /) < /)(1 — r) yields 


MLirJ) 


< 


p 

AL 


(1 -r) (min|^|<3^ 


U[Z 


0 < r < 1. 


(4.14) 


Therefore every norm-bounded family in A^ is a normal family of analytic func¬ 
tions by Montel’s theorem. 

Finally, assume that / G A^ has inhnitely many zeros. Since polynomials 
are dense in A^ by the assumption, we can choose a sequence fi of functions 
with hnitely many zeros that converges to / in norm, and then, by the previous 
argument, we can factorize each fi = fi^ ■ /z,2 as earlier. Now, since every norm- 
bounded family in A^ is a normal family of analytic functions, by passing to 
subsequences of {fij} with respect to I if necessary, we have fij fj, where the 
functions fj form the desired bounded factorization f = fi ■ f 2 satisfying fl4.6l) . 
This hnishes the proof. □ 


At hrst glance the next result might seem a bit artihcial. However, it turns out 
to be a key ingredient in the proof of Proposition 16.71 (below) where we get the 
uniform boundedness of a certain family of integral operators, which is usually 
established by using interpolation theorems. 


Corollary 4.4. Let 0 < p < 2 and oj G Xnv such that the polynomials are dense 
in AP. Let 0<pi<2<p2<oo such that p = ^ ^ P 2 > 2p. If f E A^, 

then there exist fi G AJf and f 2 G A^ such that f = fi ■ f 2 and 

II/iIIap-II/ 2 |Ia-<c^II/IIa£ (4.15) 

for some constant C = C{pi,uj) > 0. 

It can be proved mimicking the proof of of Theorem 14.31 but paying special 
attention to the constants coming from Lemma 14.21 see [IHl Corollary 3.4] for 
details. 

Before ending this section, let us observe that there are non-radial weights 
satisfying the hypotheses of our factorization result for A^. 

Lemma 4.5. Let f be a non-vanishing univalent function m D, 0 < 7 < 1 and 
u = \ f\z. Then the polynomials are dense in A^ for all p > 1. 

Proof. Since / is univalent and zero-free, so is 1//, and hence both / and 1// 
belong to A^ for all 0 < p < 1. By choosing 5 > 0 such that 7(1 -t- 5) < 1 we 
deduce that both u and - belong to Therefore the polynomials are dense 

in A^j by |3ll Theorem 2]. □ 

Finally, let us consider the class of weights that appears in a paper by Abkar [1] 
concerning norm approximation by polynomials in weighted Bergman spaces. 
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A function u defined on D is said to be superbiharmonic if /S?u > 0, where A 
stands for the Laplace operator 

A A ^ f 

A = =-= --^- 

dzdz 4 \d‘^x d‘^yJ 

in the complex plane C. The superbihamonic weights play an essential role in the 
study of invariant subspaces of the Bergman space A^. 

Theorem F. Let u be a superbiharmonic weight such that 

lim / u{r() dm{() = 0. (4.16) 

'■^ 1 “ Jt 

Then the polynomials are dense in A^. 

The proof of Theorem [F] relies on showing that these type of weights uj satisfy 

u(z) < C(uj)uj(rz), ro < r < 1, tq G (0,1), (4-17) 

which asserts that polynomials are dense on In [4U1 Lemma 1.11] it is proved 
the following. 

Lemma 4.6. Every superbihamonic weight that satisfies lim^^i- fjUj(r() dm(() = 
0, is invariant and the polynomials are dense in A^. 


5. Zero sets 

For a given space X of analytic functions in D, a sequence {zk} is called an 
A-zero set, if there exists a function / in A such that / vanishes precisely on 
the points {zk} and nowhere else. A sequence {zk} is a HP-zero set if and only if 
satishes the Blaschke condition ^^.(1 — < oo. 

5.1. The Bergman-Nevanlinna class. Using Lemma lATl Jensen’s formula and 
the elementary factors from the classical Weierstrass factorization for the theory 
of entire functions, it can be proved the following [l9l Proposition 3.16]. The 
weighted Bergman-Nevanlinna class consists of those analytic functions in D for 
which 

[ log^ \fiz)\u{z) dA{z) < oo. 

Jo 

Theorem 5.1. Let u eH. Then {zk} is a zero set of the Bergman-Nevanlinna 
class if and only if 

^[( 1 - \Zk\)u{Zk)] = 
k k 

As far as we know, it is still an open problem to hnd a complete description 
of zero sets of functions in the Bergman spaces A^ = Aq, but the gap between 
the known necessary and sufficient conditions is very small. We refer to m 
Chapter 4], [33l Chapter 4] and [39l SHI EHl EZ]. The analogous question is also 
unsolved for classical Dirichlet spaces 0<a;<l, of/G 71(3) such that 

11/11^. = i/(o)p+ [ \f{zni-\z\rdA{z)<oo. 

Jo 

The most important results are the ones given by Carleson in [IT], [15], and by 
Shapiro and Shields in [52] • Some progress was achieved in mi- 


(1 - \zi,\) / w(5) ds 

j\zi.\ 


< oo. 
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5.2. Af, zeros sets. Our results on zeros set of Af, follow the line of those due to 
Horowitz |2Sl EH EB] • Roughly speaking we will study basic properties of unions, 
subsets and the dependence on p of the zero sets of functions in A^. By using 
ideas and estimates obtained in the proof of Theorem 14.31 we get our hrst result 
in this section, see [4^ Theorem 3.5]. 

Theorem 5.2. Let 0 < p < oo and oj G Xnv. Let {z^} he an arbitrary subset of 
the zero set of f E A^, and let 

H{z) = YlBk{z){2 - B,{z)), Bu = 

with the convention Zk/\zk\ = 1 if Zk = 0. Then there exists a constant C = 
C{u}) > 0 such that IIZ/TfU^p < <^11/114? ■ In particular, each subset of an A^-zero 
set is an Af-zero set. 

Lu 


Now we turn to work with radial weights. The hrst of them will be used to 
show that H^-zero sets depend on p. 


Theorem 5.3. Let 0 < p < oo and letu be a radial weight. Let f G Ajf, /(O) 7^ 0, 
and let {zk} be its zero sequence repeated according to multiplicity and ordered by 
increasing moduli. Then 


n 




n —)■ 00 . 


(5.1) 


Proof. Let / G and /(O) 7 ^ 0. By multiplying Jensen’s formula 

log|/(0)| + Vlog—= — / log I/(re*®)I0 < r < 1, 
by p, and applying the arithmetic-geometric mean inequality, we obtain 

TL p 

k=i 


for all 0 < r < 1 and n G N. Moreover, 

(.j{s)ds< lim [ ME{s, f)uj{s) ds = 0, 
so taking r = 1 — 4 in fl5.3|l . we deduce 





A:=l 




n ^ OO, 


as desired. 


(5.2) 


(5.3) 


(5.4) 


□ 


The next result shows that condition fl5.ip is a sharp necessary condition for 
{zk} to be an H^-zero set. 

Theorem 5.4. Let 0 < g < 00 and ov E V. Then there exists f E r\p<^qA^ 
such that its zero sequence {zk}, repeated according to multiplicity and ordered 
by increasing moduli, does not satisfy fl5.ll) with p = q. In particular, there is a 
Dp^qA^-zero set which is not an Af-zero set. 
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Proof. The proof uses ideas from [301 Theorem 3], see also 

OO 

f{z) = l[F,{z), zeB, 


. Define 


( 6 . 6 ) 


k=l 


where 


and 


Fk{z) = 


1 + ttkZ 

1 + aZ^z'^*' 


z e 


— 


fj^ 2 -k(z(s) ds 


1/9 


keN, 


keN. 


J^_2-(k+i) uj{s) ds^ 

By Lemma [2T] there exists a constant Ci = Ci(g, oj) > 0 such that 

1 < Ofc < Cl < cx), fc G N. 


(5.6) 


Therefore hmsup^_^oo(afc — Y < limsup^ 


—>.CXD 


= 1, and hence the product 
in fIS.Sp defines an analytic function in D. The zero set of / is the union of 
the zero sets of the functions T/c, so / has exactly 2^ simple zeros on the circle 

jz : l^l = I for each k E N. Let {zj}YLi be the sequence of zeros of / ordered 

by increasing moduli, and denote iV„ = 2 + 2^ + • • • + 2"'. Then 2"' < iV„ < 2”+^, 
and hence 


Nr, 




k=l 


Zk 


k=l 


fl cj(s) ds 
/i^_ 2 -(„+i) a;(s) ds 


1/9 


> 


fl u(s) ds 
JI_j_ u{s) ds 


1/9 


zero 


It follows that {zj}ff.^ does not satisfy fl5.ll) . and thus {zj}ff.^ is not an Af 
set by Theorem I5.31 

We turn to prove that the function / dehned in fl5.5|) belongs to for all 
p E (0, q). Set r„ = " for n G N, and observe that 


l/(^)l = 


n 

k=l 




a7^ + z^ 


1 + a,^ ^^ 2 * 


n 

j=i 


1 + 0,n+jZ 


2‘^+3 


1 I —1 

1 + a, 


n+j 


Z^ 


(5.7) 


The function hi{x) = fzYz is increasing on [0,1) for each a G [0,1), and therefore 

12 ^+-? 


\ CL 


n-\-j 


l + OiX 
2 ^+j 


1 I —1 9J^+i 


= a. 


n+j 




1 I —1 




«n+i + 1^1 


1 + fl, 


-1 I 
n+j \ 


| 2"+7 


< 


1 / 1 N 27 

1 + flrt+J (~) 


(5.8) 


kl < I’n, j, n G N. 


Since h 2 {x) = is increasing on (0, cx)) for each a E (0, cx)), fl5.6p and fl5.8p 

yield 


n 


1 H" Cl. 


n+j ^ 


2‘f^+j 


1 + 


< 


1 + fln+J ( g ) 


n,, 

j=i 1 + fl, 


1 27 OO 

< 


n 


23 


n+j 


ar f..i+cr'(i) 


= Cj < OO, (5.9) 
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whenever \z\ < and n G N. So, by using fl5.7p . fl5.9p . Lemma 12.11 and the 
inequality e~^ > 1 — x, x > 0, we obtain 


1 /-? 


i/g 




< 


k=l 


^ 1 M 




1 /q 

, \z\ < Tn, n E M. 




(5.10) 


Let now \z\ > l/\/e be given and £x n G N such that < \z\ < r„+i. Then 
flb.lOp . the inequality 1 — x < e~^ < 1 — f, ic G [0,1], and Lemma [2T] give 


1/9 


\f{z)\ < Moo(r„+i,/) < 

^ . 1 


^ uj(s) ds 

‘Jrn+i 1 1 / 

1/9 


1/9 


fj^_2-(n+2) Uj(s) ds^ 
1/9 


"" \j^_^_„u{s)ds^ 
1/9 


< 


J,lcj(s) ds^ 


^ I M 




and hence 


1/9 


Moo{r,f) 


^ ' Ir^is)ds 


, 0 < r < 1. 


This and the identity of Lemma l^/^ ihL with a = p/q < 1 and 

r = 0, yield 


p < 

AS ~ 


u(r) dr 




= / u{r) dr = 


Q 


Q-P \Jo 


g-p 

q 


u}{s) ds \ < oo. 




This hnishes the proof. 


□ 


The proof of the above result implies that the union of two A^-zero sets is not 
an A^-zero set. Going further, we obtain the following result. 

Corollary 5.5. Let 0 < p < oo and u eV. Then the union of two A^-zero sets is 
an -zero set. However, there are two Hp^qA^-zero sets such that their union 
is not an -zero set. 

Since the angular distribution of zeros plays a role in a description of the zero 
sets of functions in the classical weighted Bergman space A^, it is natural to ex¬ 
pect that the same happens also in A^, when oo eT>. However, we do not venture 
into generalizing the theory, developed among others by Korenblum [39], Heden- 
malm [32] and Seip [56] EZ], and based on the use of densities dehned in terms of 
partial Blaschke sums, Stolz star domains and Beurling-Carleson characteristic of 
the corresponding boundary set. 
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6. Integral operators 


The main aim of this section is to characterize those symbols g G 'H(D) such 
that the integral operator 

Tg{f){z)= r fiOg'iOdC zelO), 

Jo 


is bounded or compact from to A^, when oj E V. The choice g{z) = z gives 
the usual Volterra operator and the Cesaro operator is obtained when g{z) = 
— log(l — z). The bilinear operator (/, ( 7 ) —)■ J f g' was introduced by A. Calderon 
in harmonic analysis in the 60’s for his research on commutators of singular integral 
operators [13] which leads to the study of “paraproducts”. Regarding the complex 
function theory, Pommerenke considered the operator Tg [53] to study the space 
BMOA proving that Tg : —)■ is bounded if and only g G BMOA. We recall 
that BMOA consists of functions in the Hardy space that have bounded mean 
oscillation on the boundary T [iniEn]. We will use the norm given by 


BMOA ~ sup 
aEO 


Is{a) - \z\‘^)dA{z) 


+ l^/(0)p 


Later, Aleman and Cima [2] proved that Tg : —)■ is bounded if and only 

A g E BMOA. The analogue holds for A^, cj G 7^, if and only A g E B [ 6 ]. 
Recently, the spectrum of Tg has been studied on the Hardy space [1] and 
on the classical weighted Bergman space A^ [3]. The following family of spaces 
of analytic functions will appear in the description of those symbols g such that 
Tg : AP A^ is bounded. 


6.1. Non-conformally Invariant Spaces. We say that g G 'R(D) belongs to 
C'?’P(a;*), 0 < p, g < 00 , if the measure \g'{z)\‘^u*{z) dA{z) is a g-Carleson measure 
for AP. A q > p and cu E V, then Theorem 13.31 shows that these spaces only 
depend on the quotient T Consequently, for g > p and u E V, we simply write 

instead of Thus, if a > 1 and ui E V, then C°‘{u*) consists of 

those g E ^^(D) such that 


(a;*) — |5'(0)|" 


+ sup 

ICT 


fs(i) \ 9 '{z)\^uj*{z) dA{z) 


{u{S{I))y 


< 00 . 


( 6 . 1 ) 


Unlike B, the space can not be described by a simple growth condition 

on the maximum modulus of p' if a; G T. This follows by Proposition 16. II (below) 
and the fact that log(l — z) E A^ for all u eV. 

The spaces BMOA and B are conformally invariant. This property has been 
used, among other things, in describing those symbols g E 'H(D) for which Tg is 
bounded on or However, the space is not necessarily conformally 

invariant, and therefore different techniques must be employed in the case of 
with uj eT>. 

Recall that h : [0,1) (0, cx)) is essentially increasing on [0,1) if there exists a 

constant C > 0 such that h{r) < Ch{t) for all 0 < r < f < 1 . 


Proposition 6.1. (A) If 00 E V, thenC^{u*) C no<p<ooA^. 

(B) IfuEV, then BMOA C C\uj*) C B. 

(C) If UJ eIZ, then C^{u*) = B. 

(D) IfuEl, thenC\u*) C B. 
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(E) If oj eX and both uj{r) and are essentially increasing on [0,1), then 

BMOACC^a;*). 

Proof. (A). Let g G C^{u*). Theorem 13.31 shows that \g'{z)\‘^uj*{z) dA{z) is a p- 
Carleson measure for for all 0 < p < oo. In particular, \g\z)\^u*{z) dA{z) is a 
finite measure and hence p G by fl3.14l) . Therefore fl3.13p yields 

II^IIa 4 = 4^ / \g{zW{z)\^u:*{z) dA{z) + 1^(0)^ < ||p||^. + 1^(0)^, 

Jo 

and thus p G Continuing in this fashion, we deduce g G Afff for all n E N, 
and the assertion follows. 

(B). If p G BMOA, then Ig'^z)]"^ log dA[z) is a classical Carleson measure 
(or 1291 Section 8]), that is, 

Ss(i) \9'{z)\^'^og^^dA{z) 


sup 

/CT 


< oo. 


Therefore 


'S{I) 


\g\z)\^u:\z)dA{z)< / |p'(^)plog. 


'S{I) 


u:{s)s ds ) dA{z) 


< 


< 

r\j 


f 

h-\i\ 


u:{s)s ds 


'Id 


/ W{z)\^ log —dA{z) 

'S{I) 1^1 


u{s)sds ] |/| X a; (S'(/)), 


which together with Theorem 13.31 gives g G C^{u*) for all u E T). 

Let now g E C^{u*) with u E T>. It is well known that g E 'H(D) is a Bloch 
function if and only if 

/ \g'{z)\^{l-\z\^ydA{z)<\I\\ JCT, 

Js(i) 

for some (equivalently for all) 7 > 1. Fix (3 = (3{u)) > 0 and C = C{(3,u) > 0 as 
in Lemma [2.1f iiL Then fl3.16p and Lemma [2.1f iil yield 


ls{i) 


< 


[ lf 7 '(^)|Vl 


\z\y^^ 

dA{z) 

Jsii) 

OJ* 

\z) 



1^)7)- 

l-l)'’ 

dA{z) 

Js{I) 

fl 1 ^ 

J\z\ 

(s)s ds 


\I\^ 

[ Wi 

^)|Vi 

» dA{ 

Ji-lil^{s)sds . 

Js{I) 




< 1 / 1 '^+^ |/| < - 
~ I I ’ ' ' - 2 ’ 

and so g E B. 

(C). By Part (B) it suffices to show that B C C^{u*) for u ElZ. To see this, let 


g E B and u ElZ. Let us consider the weight a;(r) = Since 00 ElZ, 


u(r} IS a 


continuous weight such that 
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A calculation shows that h{r) = a = is decreasing on [0,1). So, 

^ essentially decreasing on [0,1) This together with fId.lOp gives 

r f,^,u(s)sds 

“/ Ig'MI n I |>„ 

Js(i) U “ \^\) 

f,^ in a;(s) ds r 

- / \ 9 '(z)\Hi - \z\r*UA(z) 

Ml Js(i) 

<iz(S{I)), |/|<i 

and therefore g G C^{u*). 

(D). Let u E X, and assume on the contrary to the assertion that B C 
Ramey and Ullrich |5ll Proposition 5.4] constructed gi,g 2 ^ B such that |5'i(2;)| + 
|5'2(^)I ^ (1 “ for ^11 2 ; G D. Since ( 71,^'2 ^ C^{uj*) by the antithesis, fId.lOp 

yields 



2 > 

A 2 gS 


> 


/ i/(-) hr 'z., dMz 


i/wi" mz)\^+\g'2(zr}u,'{z)dA(z) 

f \Hz)\g\g\(z)\ + \g: 2 (z)\fojZiz)dA(z) 

D 

uj*{z) 


( 1 -kl)^ 


f]^i cj(s) ds 

\!(zf X I I' iMz) 


( 6 . 2 ) 


( 1 -kl) 


= / l/(-)l 


2 ^^(kl) 
1 - 1^1 


uj{z) dA{z) 


for all / G 'H(D). If /p dA{z) = 00 , we choose / = 1 to obtain 


contradiction. Assume now that Jjj uj{z) dA{z) < 00 , and replace / in fl6.2p 
by the test function Fa ,2 from Lemma 13.11 Then fl3.2p and Lemma 12.11 yield 


uj*{a) 
and hence 


> 

rsj 


(1 - |a|)'^+^^a;(r) 
) (1 — \a\rp 1 — r 


u{r) dr > (1 - \a\) 




'Ml 


1 — r 


u{r) dr, 


'Ml 


uj{r) dr < / oj{r)dr, a G D. 


Ml 


By letting |a| -E 1“, Bernouilli-l’Hopital theorem and the assumption uj eX yield 
a contradiction. 

(E) Recall that BMOA C C^(a;*) by Part (B). See [HI Proposition 5.2] for the 
remaining inclusion. In fact, there is constructed a lacunary series g E C^(u;*) \ 
d/ 2 . □ 


Proposition 6.2. Letuj E X such that both uj{r) and are essentially increas¬ 
ing on [0,1), and 


u{s)s ds 


< 

r\j 


1 + r^ 


uj{s)s ds, 0 < r < 1. 


(6.3) 
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Then C^{u*) is not conformally invariant. 

Proof. Let u G X be as in the assumptions. An standard calculation and Lemma IXTl 
gives that g G C^{u*) if and only if 


sup 


(l-l&ir f Wiz 




=— u{S{z)) dA{z) < oo. 


u;{S{b)) 7„|l-te|2 
Let g G C^{uj*)\H‘^ be the function constructed in the proof of Proposition 16. If EL 


Then 




sup 

fee 

> 


feeB uj{S{b)) 

a-\a\? 


|1 — bz]"^ 

WiO? 


-u{S{z)) dA{z) 


^{.S{a)) J„\l-a(pa{CW 


u{S{^amdA{C) 


(6.4) 


> 


/ IAC)P(i-ICI)(h%^h^|<;m 

iDioM) V 1-Kl 


where 


u{S{^a{C))) |1 - aCp (1 - IXa(C)l) |1 _ a ^|2 

uj{S{a)) 1 — ICI (1 — |a|) a;(s)s ds 1 “ ICI 


f^iai Ci;(s)s ds 


l + |o|2 


> 

~ rl 


> 


J\a\U{s)sds 


1, ICI < |a|, 


by Lemma IXTl and 06.31) . Since g ^ the assertion follows by letting |a| 1 

in 06.41) . □ 

6.2. Boundedness of the integral operator. Case q = p. We shall use the 
following preliminary result. 

Lemma 6.3. Let 0 < p, g < oo and oo E V. If Tg : A^ ^ Af is bounded, then 

(n;*(r)) 


Moo{r,g')< 


) p q 


1 — r 


0 < r < 1. 


(6.5) 


Proof. Let 0 < p, g < oo and oo E V, and assume that Tg : A^ ^ Af is bounded. 
Consider the functions 


fa,p{z) = 


7+1 

(l-|a|)- 


(1 — azYp 00 {S{a))p 


a E 


By Lemma [3T] there is 7 > 0 such that sup^gj} ||/a,plU£ < 00 . Since 
r rl 


> 

Al - 


\h{z)V^{z) dA{z) > MPr, h) / a;(s) ds, r > -, 


'D\D(0,r) 

for all h E Af, we obtain 

T (f A <- \\TgUa,pWA,^ ^ ll^5ll(A£,A^) ' (suPaeD IIApIIa^ 

ivi rg\ja,p)) - - 


jluo{s)ds 

1 1 

jlu{s)ds “2’ 


w(s) ds 


< 

~ rl 
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for all a G D. This together with the well-known relations Moo{r, f) < Mq{p, /)(! — 
and Mq{r, f) < Mq(p,/)/(! —r), p = (l-|-r)/2, Lemma [2T] and fl3.16p yield 


|9»| X (.^*W)p|r,(/„n'(a)| < 




(1 - |a|)^ 


< 

r\j 


'u\a)) 


iM,((3+|a|)/4,T,(/„,,)) ^ (a;*(a))p-5 




1 — |a| 


|a| > 


The assertion follows from this inequality. 

□ 

Theorem 6.4. If u E V, g E 'H(D) and 0 < p < oo, then Tg : ^ is 

bounded if and only if g E C^{u*). 


Proof. p = 2 the equivalence follows from Theorem 13.81 the dehnition of 
and fl6.ll) . The rest of the proof is divided in four cases. 


Let p > 2 and assume that g E C^{uj*). Since ^ , Theorem 13.91 

shows that —)■ is bounded if and only if 




\fi.z)\^\9\z)\‘^ dMz) I dA{u 



hEli-P 


Bearing in mind Theorems 13.31 and 13.41 


/ h{u) { [ \f{z)\^\g\z)\UA{z))u{u)dA{u) 

Jo \Jr{u) J 

< / l/wn^/'wr ( [ \h{u)\u:{u)dA{u)) dA{z) 

Jo \Jt{z) J 

- f \fiz)\‘^\ 9 '{z)\‘^^*{z) ( ^ j \h{u)\uj{u) dA{u)] dA{z) 

< / \f{z)\^\9\z)?^\z)M^i\hmdA{z) 

:S Il/Lsll'-Il i*. 


so Tg : Al, —)■ Al, is bounded. 

y Lu Lu 

Reciprocally, let p > 2 and assume that Tg : A^ ^ A^ is bounded. By Theo¬ 
rem [XU this is equivalent to 


WtMWai 


ir{u) 


\f{z)\^\g'{z)\^dA{z)) u{u)dA{u) 


< 


p 

AP 
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for all / G A^. By using this together with fl3.16p . Fubini’s theorem, Holder’s 
inequality and Lemma I3.1U1 we obtain 


[ \f{zW{z)\^u*{z)dA{z)^ [ \f{z)r\g\z)\Mnz))dA{z) 

Jo Jo 

= 11 \f{z)ng'{z)\^dA{z)u:{u)dA{u) 

Jo Jt-{u) 

< [ N{f){uy-^ [ \f{z)\^\g\z)\^dA{zMu)dAiu) 

Jb Jr{u) 

p-2 

< UN{f){u)Mn)dA{u)] ’ 



u{u) dA{u) 


< 

r\j 


p 

AS 


for all / G A^. Therefore \g'{z)\‘^oj*{z)dA{z) is a p-Carleson measure for A^, and 
thus g G C^{u*) by the dehnition. 

Let now 0 < p < 2, and assume that g G Then 


p 

WTMWa^ ^ [ ( [ \fiz)\^\g'{z)\UA{z)yu;{u)dA{u) 

Jo \Jr(u) J 

< [ ■ ([ mzmg'izn^dAiz) 

Jo \Jr{u) 


< (J N{f){u)M^)dA{u)] ’ 

p 

■([ [ \f{z)ng\z)\^dA{zMu)dA{u)Y 

\Jo Jr{u) / 

< ll/ll J"’ (^ljf(zW(z)\Mnz))dA{z)y 
" “■''11?^ (^i/wri9'L)iv(*-)<iAwy < 


u{u) dA{u) 


p 

Al- 


Let now 0 < p < 2, and assume that Tg : A^ =>■ A^ is bounded. Then Lemma 16^ 
and its proof imply g E B and 




( 6 . 6 ) 


Choose 7 > 0 large enough, and consider the functions p ^ j ’’ of 

Lemma ITTI Let 1 < a, (3 < oo such that (3/a = p/2 < 1, and let a' and (3' be the 
conjugate indexes of a and (3. Then fl3.16p . Fubini’s theorem. Holder’s inequality. 
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fl3.ip and flS.lSp yield 

[ \g\z)\^oj*{z)dA{z) 


'S{a) 



Ct Ot' 


< 



\g\z)\^\Fa^,{z)\^ dA{z)] u{u)dA{u) 

s{a)nr{u) / 


r(«) 


\g\z)\^\F,,,{z)\^ dA{z) ] u{u)dA{u 


dA{z) ] u:{u) dA{u) 


(6.7) 



where 

S,{^){u)= [ MzW{z)\^dA{z), ueB\{0}, 

Jr{u) 

for any bounded function ip on D. Since (3/a = p/2 < 1, we have fr > 1 with the 
conjugate exponent f ^ j = > 1- Therefore 


ll>^9(XS(a))|| PL = sup 

I|/i|| /3(c-i) <1 


h{u)Sg{xs{a)){u)u:{u) dA{u) 


( 6 . 8 ) 


By using Fubini’s theorem, fl3.16p . Holder’s inequality and Theorem 13.41 we deduce 
h{u)Sg{xs{a))iu)u{La)dA{u) 

D 

< f \h{u)\ f Ig^z)]"^ dA{z) u{u) dA{u) 

Jo Jr{u)ns{a) 

< [ MUmz)\g'iz)\Wiz)dAiz) 

Js{a) 


< ( / \g'{z)\^u:*{z)dA{z)) 

'S(a) / 


P' 


(6.9) 


MU\h\)^^J \g'{z)\^uj*{z)dA{z) 


^—£L- 
^ Rf 


< 

r\j 


\g\z)\^u\z)dA{z) 


S{a) 


P' 




S uj{S{a)) 
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By replacing g{z) by gr{z) = g(rz), 0 < r < 1, and combining fl6.7p - fl6.9p . we 
obtain 


'S{a) 


|^7:(^)|V(^)dA(;7)<||T,.(F,,,)||J, 


sup 

aSD 


S(a) 

Is{a) dMz 


\gUz)\^u*{z)dA{z) 

-4) 

w) 


uj{S{a)) 

We now claim that there exists a constant C = C{u) > 0 such that 
sup \\T,4F^,p)\\P < CWTgW^MSia)), a e D. 


0<r<l 


Taking this for granted for a moment, we deduce 


'fs(a) \9'r{z)?^*{z) dA{z) \ 


||T,||^, I sup 

aGB 


a;(5(a)) 

for all 0 < r < 1 and a 6 D. This yields 

/s(a) \9riz)\^^*iz) dA{z) 


fs(a) \9'r{z)?^*{z) dA{z) 
u:{S{a)) 


uj{S{a)) 


and so 


/ 5 (a) ^ 

sup- - < sup hm mt 

ago a;(5(a)) agB r^l- 


sr.ir, aeD, 

Is(a) \9'r4)?^*{z) dA(z)' 

u(S(a)) 


( 6 . 10 ) 


J-fi-A 

a' V /3' 


< 11^ l|2 


IIL 


by Fatou’s lemma. Therefore g G C^(uj*) by Theorem 13.31 

It remains to prove 06.101) . To do this, let a G ©. If |a| < ro, where ro G (0,1) is 
fixed, then the inequality in OO.lOp follows by Theorem 13.91 the change of variable 
rz = (, the fact 

r(rM) C r(M), 0 < r < 1 , (6.11) 

and the assumption that Tg : A^ ^ A^ is bounded. If a G D is close to the 
boundary, we consider two separate cases. 

Let first | < |a| < Then 



z 

1 — r 

z 


1 < 

1 — a- 

+ T-< 2 

1 — a- 

1 k 


r 

1 

1 

r 



Therefore Theorem 13.91 06.lip and 03.21) yield 

r‘^\g\rz)\^ \Fa^p{z)\^ dA{z) ) uj{u)du 


\To4Fa,,)\\V 


'r(n) 


\9\z)\^ 


’ r{ru) 


a,p 


dA{z) \ oj{u)du 


< 2^+^ 


< 2^+^ 


' r('ru) 


\g{z)\ \Fa,p{z)\ dA{z)] u{u)du 


'r(n) 


\g'{z)\4Fa,p{z)\ dA{z)] oj{u)du 


<\\Tg\\\MS{a)), 


( 6 . 12 ) 
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and hence 


S l|i;||'jC.(S(a)), i < |a| < 


(6.13) 


Let now |a| > niaxl^^, |}. Then, by Theorem 13.91 fl 6 . 6 p and Lemma [3.11 we 
deduce 

\\T,r{F.,v)\\V ^ I 


ir{u) 
<M^{r,g'Y 


r^\g {rz)\ \Fa,p{z)\ dA{z) u{u) du 


A{u) 


\Fa,p{z)\ dA{z) \ uj{u)du 


<M^(2-^,(7'y(l-|a|r 


1 — |af 

1 — dz 


7+1 


-1 


AZ 


< 


^,u:{S{a))<\\Tpr^,u:{S{a)) 


(6.14) 


for 7 > 0 large enough. This together with 06.131) gives 06.10p . The proof of (i) is 
now complete. □ 


6.3. Boundedness of the integral operator. Case q > p. If a > 1 and oj eT>, 
g G C"(a;*) if and only if [IHl Proposition 4.7] 


M^{r, g') 






1 — r 


0 < r < 1 . 


So using analogous ideas to those employed in the proof of Theorem 16.41 we can 
prove the following. 


Theorem 6.5. Let 0 < p < q < oo, u E V and g G 77(0). 

(i) If 0 < p < q and 1 — 1 < 1, then the following conditions are equivalent: 
(a) Tg : A^ ^ Af is bounded; 


< 


(a;*(r)) 


P Q 


r —)■ 1 ” 


(b) Moo(r,^') ~ 

— (dmw — 

(ii) If - 1 > 1 , then Tg : A^ Af is hounded if and only if g is constant. 


6.4. Boundedness of the integral operator. Case 0 < g < p. We shall use 
Corollary 14. 4l on factorization of A^-functions in order to study the remaining case. 


Theorem 6.6. If 0 < q < p < oo, g E 77(0) and oj E X U IZ, Tg : A^ ^ Af is 
hounded if and only if g G , where 7 = ^ 


Proof. The sufficiency can be proved arguing as in Proposition 13.111 and it is valid 
for any radial weight u. Let hrst g G where s = Then Theorem 13.91 
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Holder’s inequality and Lemma 13.101 yield 


\W)\\ 




lr{u) 


\f{z)\^\g'{z)\^dA{z)] u:{u)dA{u) 


< I {N{f){u)y{ / \g'{z)\^dA{z)] u:{u)dA{u) 

lr{u) 


< {N{f){u)Yu{u)dA{u) 


iriu) 


2(p-g) 


P-Q 

p 


\g'{z)f dA{z) ] oj{u) dA{u) 


< Cf^C2{p,q,u:)\\f\\\v\\g\\% 


<jj ijj 


Thus Tg ■. A^ ^ is bounded. 


(6.15) 


In order to prove the converse we we will use ideas from p. 170-171], where Tg 
acting on Hardy spaces is studied. We begin with the following result whose proof 
relies on Corollary 14.41 


Proposition 6.7. Let < q < p < oo and uj G X U 77., and let Tg : A^ ^ 
be hounded. Then Tg : A^ ^ A^ is bounded for any p < p and q < q with 
4 — 4 = ^ — i. Further, if0<p<2, then there exists C = C{p,q,u;) > 0 such 
that 



(6.16) 


PP 

P-P 


Proof. Theorem 14.31 shows that for any / G there exist fi G A^ and /2 G H 
such that 

/ = /i /2 and ll/ilUs • II/ 2 II ^<< 4 ^ 311 / 11^,5 (6.17) 

A P-P ^ 

for some constant C 3 = CYp,p,u) > 0. We observe that Tg{f) = Tp(/ 2 ), where 
F = Tg{fi). Since Tg : A^ ^ Af is bounded, 

ITIUs = IIL(/i)|U. < IILII(^.,^.)||/i|U. < ( 6 . 18 ) 

and hence F E A^. Then fl6.15p and the identity I- = 4-^ yield 

P-P 

\\Tg{f)hi = \\TF{f2)\U < ^A\F\\aI, 

where C 2 = C' 2 (g, ca) > 0. This together with fl6.17p and fl6.18p gives 

WTmUi < • 11/2I1 ^ 

^ ^ (6.19) 

<Cr^C2C3||T,||(^._^,)|l/||^.. 

Therefore Tg : A^ ^ Hf, is bounded. 

To prove fl6.16p . let 0 < p < 2 and let 0 < p < 2 be close enough to p such that 

p PP 


mm 


p — p p — p 


> 2 . 
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If / e Af,, then Corollary 14.41 shows that fl6.17l) holds with C 3 = C 3 {p,u). There¬ 
fore the reasoning in the previous paragraph and fl6.19p give fl6.16p . □ 


With this result in hand, we are ready to prove (aiv)^(biv). Let 0 < q < p < 00 
and u G X U 7?., and let T„ : ^ be bounded. Denote - = - — By the 

hrst part of Proposition 16.71 we may assume that p < 2. We may also assume, 

without loss of generality, that ( 7 ( 0 ) = 0. Dehne t* = sup{t : g G ^4^}. Since 

the constant function 1 belongs to we have g = Tg{l) G and hence 

> g > 0. Fix a positive integer m such that ^ < p. For each t < t*, set 

p = p{t) = and dehne q = q{t) by the equation ^ = 4 — 4. Then p < p, q < q 

and Tg : ^ A"^ is bounded by Proposition 16.71 Since g'^ = gp ^ A^, we have 

gm+i ^ I'jXgi^g"^) G A^ and 

that is, 

< (m+ l)||r,||,^, (6.20) 

Suppose hrst that for some t <t*, we have 

t > {m + l)q = +q = q+ t ^ . 

Then s < t < t*, and the result follows from the dehnition of t*. It remains to 
consider the case in which t < (m -|- l)g for all t < t*. By Holder’s inequality, 
II^IIa* < Ci{m,^)\\9\\Zm+i)r This and (| 6 \ 2 U p yield 

^ Xlu; 

WgW^lrn+m < C2{m,u)\\Tg^^p^^^^y ( 6 . 21 ) 

where C 2 {m,u) = Ci{m,u){m + 1). Now, as t increases to t*, p increases to ^ 
and q increases to so by fl 6 . 2 ip and fl6.16p we deduce 

||g|| (m + l)t*s ^ limsup llgll ^ lim SUp ||!r^||/ 4^1 

p^p- ^ 

< C{p,q,m,u)\\Tg\\(^^p^^,^^ < 00. 

The dehnition of t* implies ^ < C, and so t* > s. This hnishes the proof. □ 

The main results of this section are gathered here. 


Theorem 6 . 8 . Let 0 < p,q < 00 , ui E T) and g G 'H(D). 

(i) The following eonditions are equivalent: 

(ai) Tg : A^ ^ A^ is bounded; 

(bi) g G C^(a;*). 

(ii) If 0 < p < q and ^ ^ < 1, then the following conditions are equivalent: 

(aii) Tg : ^ A^f is bounded; 

{uj*{r))p~~ 


(bii) 


Tfoo(r, g') 


< 


r —)■ 1” 


(cii) g G 

(iii) If ^ - i > 1 , then Tg : AP Af is bounded if and only if g is constant. 

(iv) If 0 < q < p < 00 and uj E X U IZ, then the following conditions are 
equivalent: 

(aiv) Tg : A^ ^ A^ is bounded; 
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(biv) g e A*, where i = i - 


7. Composition operators 


Each analytic self-map 93 of D induces the composition operator Cy,(/) = f o ip 
acting on 77(0). With regard to the theory of composition operators, we refer 

to [21 Em 

Let ( e denote the set of the points {Cn} in D, organized by increasing 

moduli, such that <p(Cn) = ^ for all n, with each point repeated according to its 
multiplicity. For a radial weight u and an analytic self-map <^9 of O we dehne the 
generalized Nevanlinna counting function as 

N^,u*{z) = ^ {z), ^ e D \ {(y9(0)}. 

Using the characterization of the g-Carleson measures for provided in Theo¬ 
rem [3]3l Theorem 13.121 and a description of bounded differentiation operators from 
to [50], it has recently been proved the following result [52] - 


Theorem 7.1. Let 0 < p, g < 00 , 00 G V and v be a radial weight, and let p he 
an analytic self-map of 3. 

(a) If p > q, then the following assertions are equivalent: 

(i) : AP Al is bounded; 

(ii) : AP Al is compact; 

(hi) 

(b) If q > p, then : A^, ^ Al is bounded if and only if 

.. II(p,v*{z) 

Inn sup — - - — < 00 . 

PKI- 0 J*{z)p 

(c) If q > p, then : Afl Al is compact if and only if 


hKi u*{z)p 


We observe that condition (iii) in the classical case ^ ^4^ gives a 

characterization of bounded (and compact) operators that differs from the one in 
the existing literature [62] • Here we shall prove an extension of this last result to 
the class of regular weights. 


Theorem 7.2. Let 0 < q < p < 00 , a; G 77 and v he a radial weight, and let p he 
an analytic self-map of 3. Then the following assertions are equivalent: 


(i) : AP —>■ Al is hounded; 

(ii) ^ Al is compact; 

(iii) The function 

^ ^ jz) 
u*{z) 


p 

belongs to LL~'^; 
(iv) The function 


L 


A(2:,r) 


u:*iO 


dA{0 


(1-kl)^ 


Z H-)- 
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belongs to LZ ’’ for some (equivalently for all) fixed r G (0,1). 

7.1. Preliminary results. A key result in the proof of Theorem 17.21 is the local 
good behavior of the generalized Nevanlinna counting function |S2l Lemma 14]. 

Lemma 7.3. Let ip be an analytic self-map of D and v a radial weight. Then 
N^,v* is subharmonic on D \ { 92 ( 0 )}. 

Next, using the subharmonicity of |/|^, the dehnition of the class Xnv and the 
fact that inf^ei^a;(z) > 0 for any compact subset 77 C D, it can be deduced the 
following. 

Lemma 7.4. Let D < p < 00 and u G Xnv. Then the norm convergence in Aj( 
implies the uniform convergence on compact subsets o/D. 

We shall use the following result on composition operators acting on weighted 
Bergman spaces induced by weights that are not necessarily radial . 


Proposition 7.5. Let 0 < < 00 , 00 G Xnv such that the polynomials are dense 

in A^j, and v be a weight, //n G N, then the following assertions are valid: 

(i) : AP ^ Al is bounded if and only if : Aff A””? is bounded. 
Moreover, 

IIC'^ll(ASLAr) \\CX{Al,A%y 

(ii) If the norm convergence in A) implies the uniform convergence on compact 
subsets o/D, then : A(^ ^ A^ is compact if and only if : ATff' 

is compact. 


Proof, (i) Let hrst : A^ Al be bounded and / G A^f. Then G A^ and 


l|C^(/)ll 


nq 

jAy 


J \fop{z)rv{z) dA{z) = j \rop{z)\H{z) dA{z) 

ikinifAi < = \\cAU,AiP\\7z^^ 


so : AJ ^ Al^ is bounded and \\C^\\(^aZLaP) < 

Conversely, let C^f, : Aff’ —)■ A”^ be bounded and f E A(^. Now n applications 
of Theorem 14.31 show that / can be represented in the form / = nL .^fk, where 
each fk G Aff and 

n 

nil/fclUr < C{n,p,uj)\\f\\AZ. 

k=l 

Therefore Holder’s inequality gives 


l|C'^(/)ll 


<? 

Al 



g 

v{z) dA{z) 




= / n I ° dA{z) < JJ ||C'^(/fc 

k=i 

n 


k=l 


g 

AX 


So C^-. Al^ Al is bounded and < ||C'<^||(A:;^Ar)- 

(ii) We may assume that p is not constant. Let hrst : A^ Al be com¬ 
pact. To see that also : Aff -A- A^^ is compact, take {fj} C Aff such that 
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suPj 11/ill AS'’ < Since uj G Xnv by the assumption, Lemma 17.41 and Mon- 
tel’s theorem imply the existence of a subsequence {fj,.} such that fj^, converges 
uniformly on compact subsets of D to some / G 'H(D), and further / G by 
Fatou’s lemma. Therefore the sequence {gk} = {/?*—/} converges uniformly to 0 
on compact subsets of D and sup^ IIs'^IIaS'' < Hence {g^} converges uniformly 
to 0 compact subsets of D and sup^ IIs'^IIas < oo- Now, since ^ A^ is 

compact there is a subsequence {gk^} and G G 'H(D) such that 

\\Cip{gkm ~ ^)\\aI ^ m -)■ CX). (7.1) 

Now, by the hypotheses on v, g^^ otp — Gotp converges uniformly to 0 on compact 
subsets of ro, and since ip is not constant, this and the uniform convergence of 
{gk} to ^0^0 imply G = 0. So, by fl7.ip . 

\\C^{gk ^)\\^ 0 , m —)■ cx), 
and hence G^ : A{^ —)■ A{^^ is compact. 

Conversely, let : A{^ —>• be compact and take {fj} C A^ such that 

suPj ll/ilUs < oo. As earlier, since oj G Xnv, we may use Lemma [73] and Montel’s 
theorem to hnd a subsequence {fj^} such that fj^. converges uniformly on compact 
subsets of D to some / G 'H(©), that in fact belongs to A^ by Fatou’s lemma. 
Therefore {gk} = {fj^. — /} convergence uniformly to 0 on compact subsets of D 
and sup;. IIs'^Ha^ < By n applications of jH] Theorem 3.1], each function gk 
can be factorized to gk = n:= =1 gk,m, where each gk,m e A^p and 

n 

n \\9k,m\\AZ^ < C{n,p,uj)\\gk\\Al- 

m=l 


Since sup^ IIs'^IIaS < c>0) this implies sup;. ||5'fc,m|lA2'’ < ^ all m = 1,2,... ,n. 
Using that G^ : —)■ A{f is bounded, we get functions Gi,..., Gm G A{^p and 

subsequences {gki,m} such that 

||5'fci,m o - G^IIa?-)■ 0, I-)■ oo, m = l,2,...,n. (7.2) 


Since the norm convergence in A^ implies the uniform convergence on compact 
subsets of D, and (p is not constant, the uniform convergence of gk to zero and 
fl7.2p imply that at least one of the functions Gi,..., Gm must be identically zero. 
Without loss of generality, we may assume that Gi = 0. Then, by Holder’s 
inequality, we deduce 


\\cA9ki)rA.= 


9ki,T 


• ip 


\.m=l 


v{z) dA{z) 


< 


niiGfe,.».)iiy. < iiG(9.,,)iiy,iiGii (A^LAD n ll^fc*, 


I*? 

Ia£ 


k=l 


k=2 


< G{n,p,q,u)\\G^{gki,i) - GiU^n,, 


which together with fl7.2p hnishes the proof. 


□ 


We also need an atomic decomposition of A^-functions, oj ^ TZ. Recall that 
A = C D is uniformly discrete if it is separated in the hyperbolic metric, 

it is an e-net if D = IJ^q A(zfc, e), and hnally, it is a ^-lattice if it is a 55-net and 
uniformly discrete with constant 7 = 5/5. 
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Proposition 7.6. Let 1 < p < oo, u ^ TZ and C D \ {0} he an e-net. 

Then the following assertions hold: 

(i) If f ^ A^, then there exist G P and M = M{u) > 0 such that 


= 


ZjZ 


M 


(7.3) 


and ||{9}°li||zp < II/IUp. 

(ii) //{c,}“i G P, then there exists M = M{uj) > 0 such that the function 
defined by the infinite sum in fl7.3p converges uniformly on compact subsets 
of ID) to an analytic function f E and ||/|Up < ||{cj}^i||zp. 

Proof, (i) Let l<p<oo,a;G7?. and f E A^. Then uj E Bpirf) for each 
V = h{Pi^) large enongh by Lemma [2]2j That is, satishes |10l (4.2)] with 

/S = 0, 7 = ^ j 7 and a = p. Conseqnently, [101 Theorem 4.1] implies the 

existence of {cj}fLi G P snch that 


/(-) = E 




1/p 


A - l^il' 

V 1 - ZjZ 


P+2 


and ||{cj}^i||zp < H/IUs- Hence (i) is proved with M = p + 2. 

(ii) Let {cj}fLi E P be given. By the proof of (i) we know that oj G Bp{p) for 
each p large enongh. The assertion follows by [101 Theorem 4.1]. □ 


An atomic-decomposition for A^-fnnctions, 0 < p < 1 and u E IZ, can also 
be obtained by nsing the resnlts by Constantin m ( see also [3l Theorem 2.2]). 
However, we do not get into this qnestion for a matter of simplicity and becanse 
we are able to prove Theorem 17.21 inst by nsing Proposition 17.61 


7.2. Proof of Theorem 17.21 We shall prove (iv)=^(iii)=7(i)^(iv)=7(ii)=^(i). 

(iv)=7(iii). If 0 < r < 1 is hxed, then is snbharmonic in each psendohyper- 
bolic disc that is snfhciently close to the bonndary by Lemma 17751 The implication 
follows by this fact becanse lv* is essentially constant on psendohyperbolic discs. 

(iii)^(i). Let hrst 2 < q < oo, and let 0 < r < 1 be hxed. Then the fnnction 
|/|'^“^|/'P is snbharmonic. By nsing this and argning as in the proof of [62l 
Lemma 2.4], we dednce 




< 


(1 - ICI)2 7A(c,ph 


\f{z)r^\nz)\^dA{z) 


< 

r\j 


(1 - ICI)^ >fA{C,r) 


\fizWdA{z) 


Cg©. 


(7.4) 
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Now Theorem 13.81 a change of variable, fl7.4p and Fnbini’s theorem give 


iic'4/)iii2 I dA{z) 

= [ \fic)rv\cWN,AOdA{o+v{mfimw 

Jo 

+ n(ro)|/((^(0))r 


N^,v*{0 


,(i-kl)^ 7 a(.,.) (1-ICI)^ 
+ n(ro)|/((^(o))r. 


dA{C)]\f{z)\UA{z) 


(7.5) 


Let M[f] denote the Hardy-Littlewood maximal fnnction dehned by 

1 f 


M[f]{z) =snp 


5>oA{Aiz,6))J^^,,s) 


1/(01 dA(C), ^GD, 


for each / G L^. The maximal fnnction M[f] is bonnded on when p > 1. 
Therefore fl7.5p . the assnmption a; G 7^, Holder’s ineqnality and fl3.16p yield 


WCMm, < 


Nip,v* (C) 


Jn uiz)"^ V(1 - \z\y JA{z,r) (1 - ICI)^W'^/^(C) 

• |/(OIM^)c^H(O + p(m))|/(v^(0))r 


dA{C) 


< 


p — q 

uiz) P 


M 


N, 


(p,V'^ 


_{i - \c\yuji/p 
+ n(D)|/(^(0))r 


{z)\fiz)\Mz)dA{z) 


< 


< 


g 

AZ 


q 

AL 


q 

AP 


M 






_(1_ |^|)2^,/p^ 


P 

p-q 

P 

LP-^ 




(p,V 


(1 - |C|)2a;'?/p 


P 

p-q 


P 

Lp-^ 


N. 






p 

p-q 

< 

p r\j 
T P-Q 
J^ui 


q 

AV 


Tims C^f, ■. APj ^ Al is bonnded provided q > 2. If0<g<2, we may choose 
n G N snch that nq > 2. Then : A^ -A- is bonnded by the previons 
argnment and so is : A^ —>■ A^ by Proposition 17.51 

(i)^(iv). By Proposition I7.5f ii we may assnme that q > 2. Next, bearing 
in mind Proposition 17.61 we pick np an e-net {zk}’^o C D \ {0} and M = 
M{uj) > 0 large enongh snch that for any {cO^i G P the fnnction / dehned 
by dH converges nniformly on compact snbsets of © to an analytic fnnction 
f e AP snch that ||/|Up < ||{cj}“ JI/p. For simplicity, let ns write hj{z) = 

{u {A{zj,e)))~^^^ (yi^) • consider the classical Rademacher fnnctions 

{rj(t)} and set ft{z) = YlJLiPj{t)cjhj{z). Since —)■ Al is bonnded by the 
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assumption, 

from which an integration with respect to t gives 

> 1/2 

'£\ci?\C^(h 


i=i 


vi=i 


< 


r \°° I|1 

'^]Sj=l\\lp^ 


Ll 


where in the first inequality we used the hypothesis q >2. Therefore Theorem 13.81 
and a change of variable give 


Eicy / ifcj(c)rytK)/^^.«-(o<i.4(o<iite.}“, 

j.i 

Now, a calculation shows that 

\rM r 


oo \\Q 

= llup- 


E 


for any fixed 0 < r < 1, and so the sequence 




i=lllip 


(a.(A(z,,e))y(l-k^fP 

belongs to . Since u eTZ, this is equivalent to 


i=i 



K.v*(0 

IA {zj,r) uj*{0 


p 

p-q 


u {A{zj, e)) < oo. 


Finally, for a given 0 < s < 1, by choosing 0<e:<s<r<l appropriately, we 
deduce 


1 [ N^,v*{0 

(1 - \z\y Ja{z,s) i^*(C) 


p 

p-q 


dA{() uj{z) dA{z) 


Ap^-,r) ui*{0 



f N^AC) 

A(z,s) ^*{C) 

dA{C) 


P 

p-q 


dA{() ) uj{z) dA{z) 


P 

p-q 


a-\Ay 


oj ^)) < OO) 


and thus (iv) is satisfied. 

Since trivially (ii)^(i), it suffices to show (iv)^(ii) to complete the proof. By 
Proposition I7.5f iii we may assume that q > 2. Since ca G 7^, it is enough to prove 
that for each {fn} £ A^ that converges to 0 uniformly on compact subsets of D 
and K = sup„ ll/nlUs < cxo we have 

lim \\C^fn\\Al = 0- (7-6) 


To see this, let £ > 0. Choose ro such that (p(0) G Z7(0,ro) and 




ro<|z|<l \(^ 1^1) J A{z,r) ^ (C) 


{p-q)/p 


uj{z) dA{z) 


< e. 
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Further, let no G N such that \fniz)\ < for all n > no and z G D(0,ro). Then 
(ESI) shows that for all n>nQ we have 

(1-ICIL 


IIG(/»)IIL 


< 


0 <i-4(C)) \f(z)\’dA{z) 


+ i.(D)|/(4,(0))r 


< 

rsj 


< 


1 [ N^,v*{C) 

(1 — \z\y JD{z,r) ^^*(0 


dA{C) \fn{z)\‘^u{z) dA{z) + ev 


'D(0,i 


,ro) V(1 “ \^\y JD(z,r) ^*{C) 


dTo) + ll/nlLs 


_1_ f A'y.».(C) 

/ro<|^|<l V(^ 1^1) JD{z,r) ^ (C) 

which gives 07.61) and thus completes the proof. 


P 

p-q 


ip-q)/p 


dA{C,) uj{z) dA{z) 
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